Cohomology with integral coefficients of stacks of shtukas by Xue, Cong
ar
X
iv
:2
00
1.
05
80
5v
1 
 [m
ath
.A
G]
  1
6 J
an
 20
20
COHOMOLOGY WITH INTEGRAL COEFFICIENTS OF
STACKS OF SHTUKAS
CONG XUE
Abstract. We construct the cuspidal cohomology groups of stacks of shtukas
with Zℓ-coefficients and prove that they are Zℓ-modules of finite type. We
prove that the cohomology groups with compact support of stacks of shtukas
with Zℓ-coefficients are modules of finite type over a Hecke algebra with Zℓ-
coefficients.
As an application, we prove that the cuspidal cohomology groups with Qℓ-
coefficients are equal to the Hecke-finite cohomology groups with Qℓ-coefficients
defined by V. Lafforgue.
Introduction
Let X be a smooth projective geometrically connected curve over a finite field
Fq. We denote by F the function field of X, A the ring of adèles of F and O the
ring of integral adèles.
Let G be a connected split reductive group over Fq.
Let N ⊂ X be a finite subscheme. We denote by ON the ring of functions on
N and write KN := Ker(G(O)→ G(ON )).
Let ℓ be a prime number not dividing q. Let E be a finite extension of Qℓ
containing a square root of q. We denote by OE the ring of integers of E. Let Ĝ
be the Langlands dual group of G over OE . We denote by ĜE the base change of
Ĝ over E.
Let I be a finite set and W be a finite dimensional E-linear representation of
ĜIE . Varshavsky ([Var04]) and V. Lafforgue ([Laf18]) defined the stack classifying
G-shtukas ChtG,N,I,W over (XrN)
I and its cohomology group with compact sup-
port in degree j ∈ Z with E-coefficients: Hj,EG,N,I,W . It is an inductive limit of finite
dimensional E-vector spaces. The cohomology group Hj,EG,N,I,W is equipped with
an action of the Hecke algebra Cc(KN\G(A)/KN , E) via Hecke correspondences.
In [Xue18a], for every proper parabolic subgroup P of G with Levi quotient M ,
we defined the cohomology group (denoted by H
′ j, E
M,N,I,W ) with compact support in
degree j with E-coefficients of the stack classifyingM-shtukas and we constructed
the constant term morphism
CP,EG : H
j, E
G,N,I,W → H
′ j, E
M,N,I,W .
Note that contrary to Hj, EG,N,I,W which has finitely many "components", H
′ j, E
M,N,I,W
has infinitely many "components", due to the difference between the center of
M and the center of G. We defined the cuspidal cohomology group Hj, cusp, EG,N,I,W as
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the intersection of the kernels of CP,EG for all proper parabolic subgroups P of
G. We proved that Hj, cusp, EG,N,I,W has finite dimension. We also proved that H
j, cusp, E
G,N,I,W
contains the Hecke-finite cohomology group Hj,Hf, EG,N,I,W defined by V. Lafforgue in
[Laf18] Section 8. Besides, in [Xue18b], we proved that Hj, EG,N,I,W is of finite type
as module over a Hecke algebra Cc(G(Ou)\G(Fu)/G(Ou), E), where u is any place
in X rN , Ou is the complete local ring at u and Fu is its field of fractions.
However, to prove that Hj, cusp, EG,N,I,W is in fact equal to H
j,Hf, E
G,N,I,W , we need to con-
struct an OE-lattice in H
j, cusp, E
G,N,I,W invariant under the action of the Hecke algebra
Cc(KN\G(A)/KN ,OE). This is the initial motivation of this paper.
In this paper, we show that the results in [Xue18a] and [Xue18b] still hold for co-
homology groups with OE-coefficients. As an application, we prove that H
j, cusp, E
G,N,I,W
is equal to Hj,Hf, EG,N,I,W . However, the cohomology groups with OE-coefficients have
more applications.
Let W be a finite type OE-linear representation of Ĝ
I . In Section 1, using
the geometric Satake equivalence with OE-coefficients, we define the cohomology
group with compact support in degree j ∈ Z with OE-coefficients: H
j,OE
G,N,I,W . It is
an inductive limit of finite type OE-modules. (Note that this cohomology group
modulo torsion was already introduced in [Laf18] Section 13.)
In Section 2, we define H
′ j,OE
M,N,I,W and construct the constant term morphism
CP,OEG : H
j,OE
G,N,I,W → H
′ j,OE
M,N,I,W .
Then we define the cuspidal cohomology group Hj, cusp,OEG,N,I,W as the intersection of
the kernels of CP,OEG for all proper parabolic subgroups P of G. In Section 3, we
prove
Theorem 0.0.1. (Theorem 3.2.1) (see [Xue18a] Theorem 0.0.1 for the
E-coefficients version) Hj, cusp,OEG,N,I,W is a OE-module of finite type.
We also prove that for λ a dominant coweight of G large enough, the morphism
from Hj,≤λ,OEG,N,I,W to the inductive limit H
j,OE
G,N,I,W is injective (Proposition 3.2.7).
Next, in Section 4 we prove
Proposition 0.0.2. (Proposition 4.2.6) (see [Xue18a] Lemma 6.2.6 for the E-
coefficients version) The constant term morphism CP,OEG commutes with the ac-
tion of the Hecke algebra Cc(KN\G(A)/KN ,OE).
The arguments in Sections 1 and 2 of [Xue18b] still hold. In Section 5, we
prove
Theorem 0.0.3. (Theorem 5.0.4) (see [Xue18b] Theorem 0.0.2 for the
E-coefficients version) Hj,OEG,N,I,W is of finite type as module over the Hecke
algebra Cc(G(Ou)\G(Fu)/G(Ou),OE), for any place u in X rN .
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In particular, it implies that the order of torsion in Hj,OEG,N,I,W is bounded (Corol-
lary 5.0.5).
In Section 6, we show that
Hj,OEG,N,I,W ⊗OE E
∼
→ Hj,EG,N,I,W⊗OEE
and that the morphism
H
′ j,OE
M,N,I,W ⊗OE E → H
′ j, E
M,N,I,W⊗OEE
is injective (note that this is not evident because H
′ j,OE
M,N,I,W may have infinitely
many "components"). We deduce that (Proposition 6.2.12)
Hj, cusp,OEG,N,I,W ⊗OE E
∼
→ Hj, cusp, EG,N,I,W⊗OEE
.
As a consequence, the image of Hj, cusp,OEG,N,I,W in H
j, cusp, E
G,N,I,W⊗OEE
is an OE-
lattice in Hj, cusp, EG,N,I,W⊗OEE
invariant under the action of the Hecke
algebra Cc(KN\G(A)/KN ,OE). Then we prove that the inclusion
Hj, cusp, EG,N,I,W⊗OEE
⊃ Hj,Hf, EG,N,I,W⊗OEE
in [Xue18a] is an equality:
Proposition 0.0.4. (Proposition 6.3.3, conjectured by V. Lafforgue) The two
sub-E-spaces Hj, cusp, EG,N,I,W⊗OEE
and Hj,Hf, EG,N,I,W⊗OEE
of Hj, EG,N,I,W⊗OEE
are equal.
In Section 7, we define the partial Frobenius morphisms on Hj,OEG,N,I,W . Then by
Theorem 0.0.3 and a lemma of Drinfeld we obtain an action of Weil(F/F )I on
Hj,OEG,N,I,W , where F is an algebraic closure of F . Then we construct the excursion
operators.
Some logical links of results in this paper (CT = constant term morphisms):
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finiteness of HG,N,I,W as Hecke module
HcuspG,N,I,W = H
Hf
G,N,I,W
Notations and conventions.
0.0.5. Let Gder be the derived group of G and Gab := G/Gder the abelianization
of G. Let ZG be the center of G and G
ad the adjoint group of G (equal to G/ZG).
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0.0.6. We fix a discrete subgroup ΞG of ZG(A) such that ΞG ∩ ZG(O)ZG(F ) =
{1}, the quotient ZG(F )\ZG(A)/ZG(O)ΞG is finite and the composition of mor-
phisms ΞG →֒ ZG(A) →֒ G(A) ։ G
ab(A) is injective. Note that the volume of
G(F )\G(A)/G(O)ΞG is finite. We write Ξ := ΞG.
0.0.7. We fix a Borel subgroup B ⊂ G. By a parabolic subgroup we will mean
a standard parabolic subgroup (i.e. a parabolic subgroup containing B), unless
explicitly stated otherwise.
0.0.8. Let H be a connected split reductive group over Fq with a fixed Borel
subgroup. Let ΛH (resp. Λ̂H) denote the weight (resp. coweight) lattice of H .
Let 〈 , 〉 : Λ̂H × ΛH → Z denote the natural pairing between the two.
Let Λ̂+H ⊂ Λ̂H denote the monoid of dominant coweights and Λ̂
pos
H ⊂ Λ̂H the
monoid generated by positive simple coroots. Let Λ̂QH := Λ̂H ⊗
Z
Q. Let Λ̂pos,QH and
Λ̂+,QH denote the rational cones of Λ̂
pos
H and Λ̂
+
H . We use analogous notation for
the weight lattice.
We use the partial order on Λ̂QH defined by µ1 ≤
H µ2 ⇔ µ2 − µ1 ∈ Λ̂
pos,Q
H (i.e.
µ2 − µ1 is a linear combination of simple coroots of H with coefficients in Q≥0).
We will apply these notations to H = G, H = Gad or H = some Levi quotient
M of G.
0.0.9. We denote by ΓG the set of vertices of the Dynkin diagram of G. Parabolic
subgroups in G are in bijection with subsets of ΓG. For a parabolic subgroup P
with Levi quotient M , we let ΓM ⊂ ΓG denote the corresponding subset; it
identifies with the set of vertices of the Dynkin diagram of M .
0.0.10. We use Definition 3.1 and Definition 4.1 in [LMB99] for prestacks, stacks
and algebraic stacks.
0.0.11. As in [LMB99] Section 18, [LO08b] and [LO09], for X an algebraic
stack locally of finite type over Fq, we denote by Dc(X,OE) (resp. D
(b)
c (X,OE),
D
(+)
c (X,OE), D
(−)
c (X,OE)) the unbounded (resp. locally bounded, locally
bounded below, locally bounded above) derived category of "constructible
OE-modules on X". We have the six operations and the notion of perverse
sheaves.
For a finite type morphism f : X→ Y of algebraic stacks locally of finite type,
we denote by
f∗ : D
(+)
c (X,OE)→ D
(+)
c (Y,OE), f! : D
(−)
c (X,OE)→ D
(−)
c (Y,OE)
f ∗ : Dc(Y,OE)→ Dc(X,OE), f
! : Dc(Y,OE)→ Dc(X,OE)
the corresponding functors, always understood in the derived sense.
In particular, we have the base change theorem (cf. [LO08b] Section 12 at the
level of cohomology sheaves, which would be enough for us, and [LZ14] Sections
1 and 2 at the level of derived categories).
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0.0.12. We work with étale cohomology. So for any stack (resp. scheme) (for
example ChtG,N,I,W and GrG,I,W ), we consider only the reduced substack (resp.
subscheme) associated to it.
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1. Definition of cohomology with integral coefficients of stacks
of shtukas
As in [Xue18a] Section 1.1, we denote by ChtG,N,I the prestack of G-shtukas
over (X r N)I , by GrG,I the Beilinson-Drinfeld affine grassmannian over X
I
(which is a global version of the affine grassmannian G((t))/G[[t]]) and by GI,∞
(resp. GrI,d for d ∈ N) the group scheme over X
I which is a global version of the
positive loop group G[[t]] (resp. of the jet group G[t]/td). In the same way, we
define ChtP,N,I , GrP,I , PI,∞, PI,d and ChtM,N,I , GrM,I , MI,∞, MI,d.
Note that loc.cit. Sections 1.2-1.7 are geometric.
In the following, we will follow the constructions in loc.cit. Section 2, with
necessary modifications. As in loc.cit., our results are of geometric nature, i.e.
we will not consider the action of Gal(Fq/Fq). From now on, we pass to the base
change over Fq.
1.1. Cohomology with integral coefficients of stacks of G-shtukas.
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1.1.1. The geometric Satake equivalence for the affine grassmannian is estab-
lished in [MV07] (and reviewed in [BR18]) over the ground field C, with coeffi-
cients in a Noetherian commutative ring of finite global dimension. By [MV07]
Section 14, [Gai07] Section 1.6 and [Zhu17], the constructions in [MV07] can be
extended to the case of ground field Fq and with coefficients in OE or E.
1.1.2. As in [MV07] Section 2 and [Gai07] Section 2, we denote by
PervGI,∞(GrG,I ,OE) the category of GI,∞-equivariant perverse sheaves with
OE-coefficients on GrG,I , for the standard perverse t-structure p (for which
PervGI,∞(GrG,I ,OE) is Noetherian) and for the perverse normalization relative
to XI .
Remark 1.1.3. The Verdier duality interchanges PervGI,∞(GrG,I ,OE) with the
category of GI,∞-equivariant perverse sheaves with OE-coefficients on GrG,I , for
the costandard perverse t-structure p+ (cf. [BBD82] 3.3, 4.0, [Jut09]).
In this paper, we will never use the perverse t-structure p+. We will never use
the Verdier duality (except in Lemma 4.1.3, where we work on derived category
and derived functors without considering any t-structure).
1.1.4. Let Ĝ be the Langlands dual group of G over OE . We denote by
RepOE(Ĝ
I) the category of finite type OE-linear representations of Ĝ
I . We
will need the following theorem, which is a version of the geometric Satake
equivalence in family:
Theorem 1.1.5. ([MV07] Theorem 14.1, [Gai07] Theorem 2.6, [Laf18] Théorème
1.17) We have a canonical natural fully faithful OE-linear tensor functor:
(1.1) SatOEG,I : RepOE(Ĝ
I)→ PervGI,∞(GrG,I ,OE).
It satisfies the properties in [Laf18] Théorème 1.17. 
Remark 1.1.6. By [Gai07] 2.5, Theorem 2.6 and the discussion after Theorem 2.6,
we denote by P Ĝ,IOE the category of perverse sheaves with OE-coefficients on X
I
(for the perverse normalization relative to XI) endowed with an extra structure
given in loc.cit. There is a canonical equivalence of categories
(1.2) F : PervGI,∞(GrG,I ,OE)
∼
→ P Ĝ,IOE
compatible with the tensor structures defined in loc.cit.
Besides, we have a fully faithful functor
(1.3) Ψ : RepOE(Ĝ
I)→ P Ĝ,IOE : W 7→W ⊗OE OE,XI ,
where OE,XI is the constant sheaf over X
I . The composition F−1 ◦ Ψ gives the
functor SatOEG,I .
Definition 1.1.7. For any W ∈ RepOE(Ĝ
I), we define SOEG,I,W := Sat
OE
G,I(W ). We
define GrG,I,W to be the support of S
OE
G,I,W . It is a closed subscheme of finite type
of GrG,I .
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1.1.8. When W = W1 ⊕W2, by the functoriality of Sat
OE
G,I , we have S
OE
G,I,W =
S
OE
G,I,W1
⊕ SOEG,I,W2. Then GrG,I,W = GrG,I,W1 ∪GrG,I,W2.
1.1.9. [Xue18a] Sections 2.2-2.4 still hold. For any W ∈ RepOE(Ĝ
I), we define
ChtG,N,I,W to be the inverse image of [GI,∞\GrG,I,W ] by
(1.4) ǫG,N,I,∞ : ChtG,N,I → [GI,∞\GrG,I ].
(1.5) ǫΞG,N,I,∞ : ChtG,N,I /Ξ→ [G
ad
I,∞\GrG,I ].
We denote by FOEG,N,I,W (resp. F
Ξ,OE
G,N,I,W ) the perverse sheaf on ChtG,N,I
(resp. ChtG,N,I /Ξ) associated to S
OE
G,I,W . It is supported on ChtG,N,I,W (resp.
ChtG,N,I,W /Ξ).
1.1.10. In loc.cit. 1.7, for any µ ∈ Λ̂+,Q
Gad
, we defined Harder-Narasimhan open
substack Cht≤µG,N,I of ChtG,N,I . Let Cht
≤µ
G,N,I,W := Cht
≤µ
G,N,I ∩ChtG,N,I,W . It is a
Deligne-Mumford stack of finite type.
In loc.cit. 1.1.7, we defined the morphism of paws pG : ChtG,I,N /Ξ→ (XrN)
I .
Definition 1.1.11. For any µ ∈ Λ̂+,Q
Gad
, we define
H
≤µ,OE
G,N,I,W := R(pG)!(F
Ξ,OE
G,N,I,W
∣∣∣
Cht≤µG,N,I,W /Ξ
) ∈ D(−)c ((X rN)
I ,OE).
For any j ∈ Z, we define degree j cohomology sheaf (for the ordinary t-structure):
H
j,≤µ,OE
G,N,I,W := R
j(pG)!(F
Ξ,OE
G,N,I,W
∣∣∣
Cht≤µG,N,I,W /Ξ
).
This is a OE-constructible sheaf on (X rN)
I .
Remark 1.1.12. It is necessary to consider D
(−)
c ((X r N)I ,OE) rather than
D
(b)
c ((X r N)I ,OE). From [LO08a] 4.9.2, we see that H
∗
c (B(Z/ℓZ),Zℓ) is
unbounded below, where B(Z/ℓZ) is the classifying stack of Z/ℓZ.
1.1.13. Let µ1, µ2 ∈ Λ̂
+,Q
Gad
and µ1 ≤ µ2. We have an open immersion:
(1.6) Cht≤µ1G,N,I,W /Ξ →֒ Cht
≤µ2
G,N,I,W /Ξ.
For any j, morphism (1.6) induces a morphism of sheaves:
H
j,≤µ1,OE
G,N,I,W → H
j,≤µ2,OE
G,N,I,W .
Definition 1.1.14. We define
H
j,OE
G,N,I,W := lim−→
µ
H
j,≤µ,OE
G,N,I,W
as an inductive limit in the category of constructible sheaves on (X rN)I .
1.2. Cohomology with integral coefficients of stacks of M-shtukas. Let
P be a proper parabolic subgroup of G and let M be its Levi quotient.
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1.2.1. Let M̂ be the Langlands dual group ofM over OE defined by the geometric
Satake equivalence. The compatibility between the geometric Satake equivalence
and the constant term functor along P ([BG02] Theorem 4.3.4, [BR18] Proposi-
tion 15.3) induces a canonical inclusion M̂ →֒ Ĝ (compatible with pinning).
1.2.2. We view W ∈ RepOE(Ĝ
I) as a representation of M̂ I via M̂ I →֒ ĜI .
Let GrM,I be the Beilinson-Drinfeld affine grassmannian over X
I associated to
M . As in Definition 1.1.7 (replacing G by M), we define GrM,I,W and perverse
sheaf SOEM,I,W supported on GrM,I,W . As in 1.1.9 (replacing G by M), we define
ChtM,N,I,W and perverse sheaf F
OE
M,N,I,W (resp. F
Ξ,OE
M,N,I,W ) supported on ChtM,N,I,W
(resp. ChtM,N,I,W /Ξ).
1.2.3. In [Xue18a] 1.5.11, we defined pradP : Λ̂
Q
Gad
→ Λ̂QZM/ZG . In loc.cit. 1.5.13,
we defined a partial order on Λ̂QZM/ZG : µ1 ≤
Gad µ2 ⇔ µ2 − µ1 ∈ pr
ad
P (Λ̂
pos,Q
Gad
). In
loc.cit. 1.5.20, for any µ ∈ Λ̂+,Q
Gad
, we defined a translated cone in Λ̂QZM/ZG :
(1.7) Λ̂µZM/ZG := {ν ∈ Λ̂
Q
ZM/ZG
, ν ≤G
ad
pradP (µ)}.
In [Xue18a] Section 1.7, for any µ ∈ Λ̂+,Q
Gad
, we defined an open substack Cht≤µM,N,I
of ChtM,N,I . For any ν ∈ Λ̂
Q
ZM/ZG
, we defined an open and closed substack
Cht≤µ, νM,N,I of Cht
≤µ
M,N,I . By loc.cit. 2.6.5, if ν /∈ Λ̂
µ
ZM/ZG
, then Cht≤µ, νM,N,I is empty.
Let Cht≤µ, νM,N,I,W := Cht
≤µ, ν
M,N,I ∩ChtM,N,I,W . As in loc.cit. 2.6.3, we have a de-
composition
(1.8) Cht≤µM,N,I,W /Ξ =
⊔
ν∈Λ̂µ
ZM/ZG
Cht≤µ, νM,N,I,W /Ξ.
where each Cht≤µ, νM,N,I,W /Ξ is a Deligne-Mumford stack of finite type.
We have the morphism of paws pM : ChtM,I,N /Ξ→ (X rN)
I .
Definition 1.2.4. For any µ ∈ Λ̂+,Q
Gad
and ν ∈ Λ̂QZM/ZG , we define
H
≤µ, ν,OE
M,N,I,W := R(pM)!(F
Ξ,OE
M,N,I,W
∣∣∣
Cht≤µ, νM,N,I,W /Ξ
) ∈ D(−)c ((X rN)
I ,OE);
For any j ∈ Z, we define the degree j cohomology sheaf (for the ordinary t-
structure):
H
j,≤µ, ν,OE
M,N,I,W := R
j(pM)!(F
Ξ,OE
M,N,I,W
∣∣∣
Cht≤µ, νM,N,I,W /Ξ
).
This is a OE-constructible sheaf on (X rN)
I .
Definition 1.2.5. Let x be a geometric point of (X rN)I . We define
(1.9) Hj,≤µ,OEM,N,I,W
∣∣∣
x
:=
∏
ν∈Λ̂µ
ZM/ZG
H
j,≤µ, ν,OE
M,N,I,W
∣∣∣
x
.
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1.2.6. Note that by 1.2.3, if ν ∈ Λ̂QZM/ZG but ν /∈ Λ̂
µ
ZM/ZG
, then Hj,≤µ, ν,OEM,N,I,W
∣∣∣
x
= 0.
1.2.7. Let µ1, µ2 ∈ Λ̂
+,Q
Gad
and µ1 ≤ µ2. We have an open immersion:
(1.10) Cht≤µ1M,N,I,W /Ξ →֒ Cht
≤µ2
M,N,I,W /Ξ.
For any j and ν, morphism (1.10) induces a morphism of sheaves:
(1.11) Hj,≤µ1, ν,OEM,N,I,W → H
j,≤µ2, ν,OE
M,N,I,W .
We deduce a morphism of OE-modules:
(1.12) Hj,≤µ1,OEM,N,I,W
∣∣∣
x
→ Hj,≤µ2,OEM,N,I,W
∣∣∣
x
.
Definition 1.2.8. We define
H
j,OE
M,N,I,W
∣∣∣
x
:= lim−→
µ
H
j,≤µ,OE
M,N,I,W
∣∣∣
x
as an inductive limit in the category of OE-modules.
Definition 1.2.9. For any ν ∈ Λ̂QZM/ZG , we define H
j, ν,OE
M,N,I,W
∣∣∣
x
:=
lim−→µH
j,≤µ, ν,OE
M,N,I,W
∣∣∣
x
as an inductive limit in the category of OE-modules.
2. Constant term morphisms and cuspidal cohomology
The goal of this section is to extend [Xue18a] Section 3 to the case of OE-
coefficients.
Let P be a parabolic subgroup of G and M its Levi quotient. Let U be the
unipotent radical of P . Let W ∈ RepOE(Ĝ
I). For any geometric point x of
(X r N)I as in 2.3.8 below, we will construct a constant term morphism from
H
j,OE
G,N,I,W
∣∣∣
x
to Hj,OEM,N,I,W
∣∣∣
x
(in fact, to a variant H
′ j,OE
M,N,I,W
∣∣∣
x
of Hj,OEM,N,I,W
∣∣∣
x
defined
in Definition 2.3.2 below).
2.1. Some geometry.
2.1.1. The morphisms of groups G ←֓ P ։M induce morphisms of ind-schemes
over XI :
(2.1) GrG,I
i0
←− GrP,I
π0
−→ GrM,I
In [Xue18a] Construction 1.2.4, we constructed morphisms over (X rN)I :
(2.2) ChtG,N,I
i
←− ChtP,N,I
π
−→ ChtM,N,I
2.1.2. Let ω = (ωi)i∈I ∈ (Λ̂
+
G)
I . Let GrG,I,ω be the closed substack of GrG,I
defined in [Laf18] Définition 1.12. We have
GrG,I =
⋃
ω∈(Λ̂+G)
I
GrG,I,ω.
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2.1.3. Let λ = (λ)i∈I ∈ (Λ̂
+
M)
I . Let GrM,I,λ be the closed substack of GrM,I
defined in [Laf18] Définition 1.12. For any ω = (ωi)i∈I ∈ (Λ̂
+
G)
I , let
Cω := {(λi)i∈I ∈ (Λ̂G)
I , ∀i ∈ I, λi is conjugated to a dominant coweight ≤ ωi}
We define
(2.3) Gr∗M,I,ω :=
⋃
λ∈(Λ̂+M )
I∩Cω
GrM,I,λ
We have
GrM,I =
⋃
ω∈(Λ̂+G)
I
Gr∗M,I,ω.
2.1.4. Let ω ∈ (Λ̂+G)
I . Let ChtG,N,I,ω be the closed substack of ChtG,N,I defined
to be the inverse image of [GI,∞\GrG,I,ω] by
ǫG,N,I,∞ : ChtG,N,I → [GI,∞\GrG,I ]
Let Cht∗M,N,I,ω be the closed substack of ChtM,N,I defined to be the inverse image
of [MI,∞\Gr
∗
M,I,ω] by
ǫM,N,I,∞ : ChtM,N,I → [MI,∞\GrM,I ]
2.1.5. [Xue18a] Section 3.1 remains valid if we replace everywhere W by ω ∈
(Λ̂+G)
I , replace GrM,I,W by Gr
∗
M,I,ω and replace ChtM,I,W by Cht
∗
M,I,ω. As in loc.cit.
Proposition 3.1.1, we have
(2.4) (i0)−1(GrG,I,ω) ⊂ (π
0)−1(Gr∗M,I,ω),
where the inverse images are in the sense of reduced subschemes in GrP,I . We
define GrP,I,ω := (i
0)−1(GrG,I,ω). Morphisms (2.1) induce morphisms
(2.5) GrG,I,ω
i0
←− GrP,I,ω
π0
−→ Gr∗M,I,ω
Similarly, we define ChtP,N,I,ω := i
−1(ChtG,N,I,ω). Morphisms (2.2) induce mor-
phisms
(2.6) ChtG,N,I,ω
i
←− ChtP,N,I,ω
π
−→ Cht∗M,N,I,ω
Remark 2.1.6. If W = ⊠i∈IWi, where Wi is the irreducible E-representation of
ĜE of highest weight ωi. Then
(2.7) GrG,I,ω = GrG,I,W and Gr
∗
M,I,ω = GrM,I,W
where GrG,I,W and GrM,I,W are defined in [Xue18a] Definition 2.1.8 and 2.6.2.
However, if W is an OE-representation of Ĝ, due to possible torsions in the
stalks of SOEG,I,W and S
OE
M,I,W , (2.7) may not be true. In this case, I do not know if
(i0)−1(GrG,I,W ) ⊂ (π
0)−1(GrM,I,W ). But we can always find large enough strata
in GrG,I (resp. GrM,I) such that the perverse sheaf S
OE
G,I,W (resp. S
OE
M,I,W ) is
supported on them, in the following way.
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2.1.7. Let W ∈ RepOE(Ĝ
I). There exists a finite subset Σ ⊂ (Λ̂+G)
I (depending
on W ) such that
(2.8) GrG,I,W ⊂
⊔
ω∈Σ
GrG,I,ω and GrM,I,W ⊂
⊔
ω∈Σ
Gr∗M,I,ω.
We define
(2.9) GrG,I,Σ :=
⊔
ω∈Σ
GrG,I,ω, GrP,I,Σ :=
⊔
ω∈Σ
GrP,I,ω, GrM,I,Σ :=
⊔
ω∈Σ
Gr∗M,I,ω.
Note that SOEG,I,W is supported on GrG,I,Σ and S
OE
M,I,W is supported on GrM,I,Σ.
2.1.8. We define
ChtG,N,I,Σ :=
⊔
ω∈Σ
ChtG,N,I,ω,
ChtP,N,I,Σ :=
⊔
ω∈Σ
ChtP,N,I,ω, ChtM,N,I,Σ :=
⊔
ω∈Σ
Cht∗M,N,I,ω
As [Xue18a] 3.1.4, for d ∈ Z≤0 large enough depending on Σ (thus depending
on W ) as in loc.cit. Proposition 2.2.1 applied to GrG,I,Σ and GrM,I,W , we have a
commutative diagram of algebraic stacks:
(2.10) ChtG,N,I,Σ
ǫG,d

ChtP,N,I,Σ
ioo
ǫP,d

π // ChtM,N,I,Σ
ǫM,d

[GI,d\GrG,I,Σ] [PI,d\GrP,I,Σ]
i0doo
π0d // [MI,d\GrM,I,Σ]
Note that FOEG,N,I,W is supported on ChtG,N,I,Σ and F
OE
M,N,I,W is supported on
ChtM,N,I,Σ.
2.1.9. The squares in (2.10) are not Cartesian. Consider the right square. As in
[Xue18a] 3.1.5, we have a commutative diagram, where the square is Cartesian:
(2.11) ChtP,N,I,Σ
π
++❳❳❳❳
❳❳❳
❳❳❳❳
❳❳❳
❳❳❳❳
❳❳❳
❳❳❳❳
❳❳❳
πd
❖❖
❖❖
''❖❖
❖❖
ǫP,d
❄
❄
❄
❄
❄
❄
❄
❄
❄
❄
❄
❄
❄
❄
❄
❄
❄
❄
❄
❄
C˜htM,N,I,Σ
π˜0d
//
ǫ˜M,d

ChtM,N,I,Σ
ǫM,d

[PI,d\GrP,I,Σ]
π0d // [MI,d\GrM,I,Σ]
Let UI,d be the group scheme over X
I as in [Xue18a] Definition 1.1.13 applied to
U , which is a global version of the jet group U [t]/td. As in loc.cit. Lemma 3.1.8,
the morphism πd is smooth of relative dimension dimXI UI,d.
2.2. Compatibility of the geometric Satake equivalence and parabolic
induction. The goal of this section is to recall Theorem 2.2.7 and deduce (2.22),
which is the key ingredient for the next section. We rewrite [Xue18a] Section 3.2
in a slightly more general way.
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2.2.1. As in [Xue18a] 3.2.1, we denote by ρG (resp. ρM) the half sum of positive
roots of G (resp. M). Then 2(ρG − ρM ) is a character of M (the determinant of
the adjoint action on LieU). The morphism 2(ρG − ρM) : M → Gm induces a
morphism GrM,I → GrGm,I by sending aM-bundle M to the Gm-bundle M
M
×Gm.
We have a morphism deg : GrGm,I → Z by taking the degree of a Gm-bundle. We
have the composition of morphisms
(2.12) GrM,I → GrGm,I
deg
−−→ Z.
We define GrnM,I to be the inverse image of n ∈ Z. It is open and closed in GrM,I .
2.2.2. We define GrnP,I := (π
0)−1GrnM,I . Morphism (2.1) induces a morphism
(2.13) GrG,I
i0n←− GrnP,I
π0n−→ GrnM,I .
2.2.3. As in loc.cit. 3.2.2, we define Λ̂M,M := Λ̂M/Λ̂[M,M ]sc, where Λ̂[M,M ]sc ⊂ Λ̂M
is the sublattice spanned by the simple coroots of M . By definition, it coincides
with π1(M) defined in [Var04] Lemma 2.2 (which is caconically isomorphic to
ΛZ
M̂
, the group of characters of ZM̂). For any αˇ ∈ Λ̂[M,M ]sc, we have 〈αˇ, 2ρG −
2ρM〉 = 0. Thus the pairing 〈θ, 2ρG − 2ρM〉 makes sense for θ ∈ Λ̂M,M .
Remark 2.2.4. (We do not need the following fact.) When I is a singleton, the
connected components of GrM,I are indexed by ΛZ
M̂
. For θ ∈ ΛZ
M̂
, we denote by
GrθM,I the connected component corresponding to θ. Then we have
GrnM,I =
⊔
θ∈ΛZ
M̂
, 〈θ,2(ρG−ρM )〉=n
GrθM,I .
2.2.5. As in [AHR15] Section 4.1, we define a functor from Dbc(GrG,I ,OE) to
Dbc(GrM,I ,OE):
rGM :=
⊕
n∈Z
(π0n)!(i
0
n)
∗ ⊗
(
OE [1](
1
2
)
)⊗n
.
2.2.6. In Theorem 1.1.5, we defined a fully faithful functor SatOEG,I . We de-
note by PervGI,∞(GrG,I ,OE)
MV its essential image. Similarly, we define the
functor SatOEM,I : RepOE(M̂
I) → PervMI,∞(GrM,I ,OE) and its essential image
PervMI,∞(GrM,I ,OE)
MV.
Theorem 2.2.7. ([BD99] 5.3.29, [MV07] Theorem 3.6 for M = T , [AHR15]
Lemma 4.1, [BR18] Proposition 15.2)
(a) The functor rGM sends PervGI,∞(GrG,I ,OE)
MV to PervMI,∞(GrM,I ,OE)
MV.
(b) There is a canonical isomorphism of tensor functors
(2.14) SatOEM,I ◦Res
ĜI
M̂I
= rGM ◦ SatOEG,I .
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In other words, the following diagram of categories canonically commutes:
(2.15) PervGI,∞(GrG,I ,OE)
MV r
GM
// PervMI,∞(GrM,I ,OE)
MV
RepOE(Ĝ
I)
Sat
OE
G,I
OO
ResĜ
I
M̂I // RepOE(M̂
I)
Sat
OE
M,I
OO

Remark 2.2.8. The references cited above in Theorem 2.2.7 are for the case where
I is a singleton (i.e. for affine grassmannians). The general case where I is
arbitrary (i.e. for Beilinson-Drinfeld grassmannians) can be deduced from the
case of singleton I by the fact that the constant term functor rGM commutes
with fusion (i.e. convolution). The proof for I = {1, 2} is already included in the
proof of Proposition 15.2 in [BR18]. For general I the proof is similar.
2.2.9. Applying (2.14) to W ∈ RepOE(Ĝ
I), we obtain a canonical isomorphism
(2.16) SOEM,I,W ≃
⊕
n∈Z
(π0n)!(i
0
n)
∗S
OE
G,I,W [n](n/2).
2.2.10. For any n, we denote by GrnM,I,Σ = Gr
n
M,I∩GrM,I,Σ and Gr
n
P,I,Σ = Gr
n
P,I∩
GrP,I,Σ. As [Xue18a] 3.2.9, we have a commutative diagram:
(2.17) GrG,I,Σ
ξG,d

GrnP,I,Σ
i0noo
ξP,d

π0n // GrnM,I,Σ
ξM,d

[GI,d\GrG,I,Σ] [PI,d\Gr
n
P,I,Σ]
i0d,noo
π0d,n // [MI,d\Gr
n
M,I,Σ]
The squares are not Cartesian. Consider the right square. The morphism
GrnP,I,Σ → [PI,d\Gr
n
P,I,Σ] ×
[MI,d\Gr
n
M,I,Σ]
GrnM,I,Σ = [UI,d\Gr
n
P,I,Σ]
is a UI,d-torsor. We deduce from the fact that the group scheme UI,d is unipotent
over XI and from the proper base change (see 0.0.11) that
(2.18) (π0n)!(ξP,d)
∗ ≃ (ξM,d)
∗(π0d,n)![−2m](−m),
where m = dim ξP,d − dim ξM,d = dimXI UI,d.
2.2.11. As in loc.cit. 2.2.3, let Sd,OEG,I,W (resp. S
d,OE
M,I,W ) be the (shifted) perverse
sheaf on [GI,d\GrG,I,W ] (resp. [MI,d\GrM,I,W ]) such that S
OE
G,I,W = (ξG,d)
∗S
d,OE
G,I,W
(resp. SOEM,I,W = (ξM,d)
∗S
d,OE
M,I,W ). Taking into account 2.1.7, we deduce from (2.16)
and (2.18) that
(2.19) Sd,OEM,I,W
∼
→
(⊕
n∈Z
(π0d,n)!(i
0
d,n)
∗S
d,OE
G,I,W [n](n/2)
)
[−2m](−m).
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2.2.12. For λ = (λi)i∈I ∈ (Λ̂
+
M)
I . We denote by [
∑
i∈I λi] the image of
∑
i∈I λi
by the projection Λ̂M ։ Λ̂M,M . By 2.2.1 and 2.2.3, we deduce that
(2.20) GrnM,I =
⋃
λ=(λi)i∈I∈(Λ̂
+
M )
I , 〈[
∑
i∈I λi],2(ρG−ρM )〉=n
GrM,I,λ
where GrM,I,λ is defined in 2.1.3.
2.2.13. Let ChtnM,N,I (resp. ChtM,N,I,λ) be the inverse image of [MI,∞\Gr
n
M,I ]
(resp. [MI,∞\GrM,I,λ]) by the morphism ǫM,N,I,∞. By 2.2.12, we have
(2.21) ChtnM,N,I =
⋃
λ=(λi)i∈I∈(Λ̂
+
M )
I , 〈[
∑
i∈I λi],2(ρG−ρM )〉=n
ChtM,N,I,λ .
Lemma 2.2.14. ([Var04] Proposition 2.16 d), [Laf18] Proposition 2.6 e))
ChtM,N,I,λ is non-empty if and only if [
∑
i∈I λi] is zero. 
2.2.15. We deduce from Lemma 2.2.14 and (2.21) that ChtnM,N,I is non-empty if
and only if n = 0. So the image of ǫM,N,I,∞ is included in the open and closed
substack [MI,∞\Gr
0
M,I ].
2.2.16. Using the notation in diagram (2.10), we deduce
(2.22)
(ǫM,d)
∗S
d,OE
M,I,W
∼
→ (ǫM,d)
∗
(⊕
n∈Z
(π0d,n)!(i
0
d,n)
∗S
d,OE
G,I,W [n](n/2)
)
[−2m](−m)
= (ǫM,d)
∗(π0d,0)!(i
0
d,0)
∗S
d,OE
G,I,W [−2m](−m)
= (ǫM,d)
∗(π0d)!(i
0
d)
∗S
d,OE
G,I,W [−2m](−m).
The first isomorphism follows form (2.19). The second equality follows from
2.2.15. Note that by definition, (π0d)!(i
0
d)
∗ =
⊕
n∈Z(π
0
d,n)!(i
0
d,n)
∗, thus the third
equality also follows from 2.2.15.
Remark 2.2.17. (We do not need the following fact.) Let W ∈ RepOE(M̂
I). We
can view W as a representation of Gm via Gm
2ρG−2ρM−−−−−→ ZM̂ →֒ M̂
△
−→ M̂ I . We
have
W =
⊕
n∈Z
W n
where Gm acts on W
n by the character x 7→ xn. Then we have
GrM,I,W ∩Gr
n
M,I = GrM,I,Wn.
2.3. Construction of the constant term morphisms.
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2.3.1. By [LO08b], we have the notion of six operators for OE-coefficients. Thus
the construction in [Xue18a] Section 3.3 works in the same way for OE-coefficients.
Note that the morphism i is schematic ([Xue18a] Remark 3.5.4) and the morphism
π is of finite type. We have a complex π!i
∗F
OE
G,N,I,W ∈ D
(−)
c (ChtM,N,I,Σ,OE).
Once have (2.22), we use the same argument as in loc.cit. 3.3.1 and 3.3.2 to
construct a morphism of complexes in D
(−)
c (ChtM,N,I,Σ,OE):
(2.23) π!i
∗F
OE
G,N,I,W → F
OE
M,N,I,W .
where i and π are defined in (2.2). Concretely, we use the notations in dia-
grams (2.10) and (2.11). Morphism (2.23) is constructed as the composition of
morphisms
(2.24)
π!i
∗F
OE
G,N,I,W = π!i
∗(ǫG,d)
∗S
d,OE
G,I,W
≃ π!(ǫP,d)
∗(i0d)
∗S
d,OE
G,I,W
≃ (π˜0d)!(πd)!(πd)
∗(ǫ˜M,d)
∗(i0d)
∗S
d,OE
G,I,W
Tr
−→ (π˜0d)!(ǫ˜M,d)
∗(i0d)
∗S
d,OE
G,I,W [−2m](−m)
(proper base change) ≃ (ǫM,d)
∗(π0d)!(i
0
d)
∗S
d,OE
G,I,W [−2m](−m)
(2.22) ≃ (ǫM,d)
∗S
d,OE
M,I,W = F
OE
M,N,I,W
where we use the fact that πd is smooth of dimension m (cf. 2.1.9). The trace
map Tr is the composition (πd)!(πd)
∗[2m](m)
∼
→ (πd)!(πd)
! counit−−−→ Id.
Definition 2.3.2. In the same way as in loc.cit. Definition 3.4.2, we define
Cht′P,N,I,Σ := ChtP,N,I,Σ
P (ON )
× G(ON), Cht
′
M,N,I,Σ := ChtM,N,I,Σ
P (ON )
× G(ON ),
where ChtP,N,I,Σ and ChtM,N,I,Σ are defined in 2.1.8.
2.3.3. As in loc.cit. 3.4.3, we construct morphisms
(2.25) ChtG,N,I,Σ /Ξ
i′
←− Cht′P,N,I,Σ /Ξ
π′
−→ Cht′M,N,I,Σ /Ξ
Definition 2.3.4. As in loc.cit. 3.4.7, we define F
′ Ξ,OE
M,N,I,W supported on
Cht′M,N,I,Σ. We define H
′ ≤µ, ν,OE
M,N,I,W , H
′ j,≤µ, ν,OE
M,N,I,W
∣∣∣
x
, H
′ j,≤µ,OE
M,N,I,W
∣∣∣
x
and H
′ j,OE
M,N,I,W
∣∣∣
x
.
All the constructions in 2.1, 2.2 and 2.3.1 are compatible with the quotient by
Ξ and the modification with ′.
Construction 2.3.5. We construct a canonical morphism of complexes in
D
(−)
c (Cht
′
M,N,I,Σ /Ξ,OE):
(2.26) (π′)!(i
′)∗FOE ,ΞG,N,I,W → F
′ OE ,Ξ
M,N,I,W .
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2.3.6. As in loc.cit. 3.5.2, for any µ ∈ Λ̂+,Q
Gad
and ν ∈ Λ̂QZM/ZG , we have a commu-
tative diagram
(2.27) Cht
′≤µ, ν
P,N,I,Σ /Ξ
i′
vv❧❧❧
❧❧
❧❧ π′
((❘❘
❘❘
❘❘
❘
pP

Cht≤µG,N,I,Σ /Ξ
pG ))❘
❘❘
❘❘
❘❘
Cht
′ ≤µ, ν
M,N,I,Σ /Ξ
pMuu❧❧
❧❧
❧❧
❧
(X rN)I
As in [Xue18a] Remark 3.5.4, i′ is schematic. By [Var04] Proposition 5.7 (recalled
in [Xue18a] Proposition 3.5.3 and Remark 3.5.4), there exists an open subscheme
Ω≤µ, ν of (X rN)I of the form
Ω(m) = {(xi)i∈I ∈ (X rN)
I , xi 6=
τrxj for all i, j and r = 1, 2, · · · , m}
where τ
r
x is the image of x by Frobr : X → X and m is some positive integer
depending on µ and ν, such that the restriction
i′ : Cht
′≤µ, ν
P,N,I,Σ /Ξ
∣∣∣
Ω≤µ, ν
→ Cht≤µG,N,I,Σ /Ξ
∣∣∣
Ω≤µ, ν
is proper. This is a key ingredient of the following construction.
Construction 2.3.7. As in [Xue18a] 3.5.6, the cohomological correspondence for
diagram (2.27) restricted to Ω≤µ, ν and for morphism (2.26) gives a morphism of
complexes in D
(−)
c (Ω≤µ, ν ,OE):
(2.28) CP,≤µ, ν,OEG,N : H
≤µ,OE
G,N,I,W
∣∣∣
Ω≤µ, ν
→ H′
≤µ, ν,OE
M,N,I,W
∣∣∣
Ω≤µ, ν
.
For any j ∈ Z, we have a morphism of sheaves:
(2.29) CP, j,≤µ, ν,OEG,N : H
j,≤µ,OE
G,N,I,W
∣∣∣
Ω≤µ, ν
→ H′
j,≤µ, ν,OE
M,N,I,W
∣∣∣
Ω≤µ, ν
.
2.3.8. For i ∈ I, let pri : X
I → X be the projection to the i-th factor. Let x
be a geometric point of (X r N)I such that for every i, j ∈ I, the image of the
composition
x→ (X rN)I
(pri,prj)
−−−−−→ (X rN)× (X rN)
is not included in the graph of any non-zero power of Frobenius morphism Frob :
X rN → X rN .
In particular, when i = j ∈ I, the above condition is equivalent to the condition
that the composition x → (X r N)I
pri−→ X r N is over the generic point η of
X rN .
One example of geometric point satisfying the above condition is x = ηI , a
geometric point over the generic point ηI of XI . Another example of geometric
point satisfying the above condition is x = ∆(η), where ∆ : X →֒ XI is the
diagonal inclusion and η is a geometric point over η.
The reason for which we impose such a condition is that for any µ and ν, we
have x ∈ Ω≤µ, ν .
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2.3.9. Restrict (2.29) to x, we have a morphism
(2.30) CP, j,≤µ, ν,OEG,N : H
j,≤µ,OE
G,N,I,W
∣∣∣
x
→ H′
j,≤µ, ν,OE
M,N,I,W
∣∣∣
x
.
Taking into account 1.2.6, we define a morphism
(2.31)
∏
ν∈Λ̂µ
ZM/ZG
CP, j,≤µ, ν,OEG,N : H
j,≤µ,OE
G,N,I,W
∣∣∣
x
→
∏
ν∈Λ̂µ
ZM/ZG
H′
j,≤µ, ν,OE
M,N,I,W
∣∣∣
x
.
By definition, H′ j,≤µ,OEM,N,I,W
∣∣∣
x
=
∏
ν∈Λ̂µ
ZM/ZG
H′
j,≤µ, ν,OE
M,N,I,W
∣∣∣
x
. To shorten the notations,
we also write the morphism (2.31) as
(2.32) CP, j,≤µ,OEG,N : H
j,≤µ,OE
G,N,I,W
∣∣∣
x
→ H′
j,≤µ,OE
M,N,I,W
∣∣∣
x
.
Lemma A.0.8 of loc.cit. still holds for OE-coefficients. As in loc.cit. 3.5.9, we take
inductive limit on µ:
Definition 2.3.10. For every degree j ∈ Z, we define the constant term mor-
phism of cohomology groups:
(2.33) CP, j,OEG,N : H
j,OE
G,N,I,W
∣∣∣
x
→ H′
j,OE
M,N,I,W
∣∣∣
x
.
Remark 2.3.11. For any ν ∈ Λ̂QZM/ZG , taking inductive limit on µ in (2.30), we
obtain the constant term morphism of cohomology groups:
(2.34) CP, j, ν,OEG,N : H
j,OE
G,N,I,W
∣∣∣
x
→ H′
j, ν,OE
M,N,I,W
∣∣∣
x
.
As in [Xue18a] Remark 3.5.11, H′ j,≤µ, ν,OEM,N,I,W
∣∣∣
x
→ H′ j, ν,OEM,N,I,W
∣∣∣
x
for each ν induces
a morphism
(2.35) H′
j,≤µ,OE
M,N,I,W
∣∣∣
x
→
∏
ν∈Λ̂Q
ZM/ZG
H′
j, ν,OE
M,N,I,W
∣∣∣
x
Taking inductive limit on µ, we deduce a morphism
(2.36) H′
j,OE
M,N,I,W
∣∣∣
x
→
∏
ν∈Λ̂Q
ZM/ZG
H′
j, ν,OE
M,N,I,W
∣∣∣
x
The following diagram commutes:
(2.37) Hj,OEG,N,I,W
∣∣∣
x
∏
ν C
P, j, ν,OE
G,N //
C
P, j,OE
G,N **❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱
∏
ν∈Λ̂Q
ZM/ZG
H′
j, ν,OE
M,N,I,W
∣∣∣
x
H′
j,OE
M,N,I,W
∣∣∣
x
.
(2.36)
OO
In Remark 3.2.10 in the next section, we will show that
∏
ν C
P, j, ν,OE
G,N and
CP, j,OEG,N have the same kernel.
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Definition 2.3.12. For every degree j ∈ Z, we define the cuspidal cohomology
group:
(2.38)
(
H
j,OE
G,N,I,W
∣∣∣
x
)cusp
:=
⋂
P G
KerCP, j,OEG,N .
This is a sub-OE-module of H
j,OE
G,N,I,W
∣∣∣
x
.
Example 2.3.13. (Shtukas without paws) As in loc.cit. Example 3.5.15, when
I = ∅ (empty) and W = 1 (trivial representation), the constant term morphism
CP, j,OEG,N coincides (up to constants depending on ν) with the classicial constant
term morphism:
Cc(G(F )\G(A)/KG,NΞ,OE)→ C(U(A)M(F )\G(A)/KG,NΞ,OE)
f 7→ fP : g 7→
∑
u∈U(F )\U(A)
f(ug).
As a consequence,
(
H
0,OE
G,N,∅,1
∣∣∣
Fq
)cusp
= Ccuspc (G(F )\G(A)/KG,NΞ,OE).
Remark 2.3.14. By 2.3.9 and Remark 2.3.11, one important property of the con-
stant term morphism CP, j,OEG is that every image is supported on the components
H′
j, ν,OE
M,N,I,W
∣∣∣
x
of H′ j,OEM,N,I,W
∣∣∣
x
indexed by the translated cone Λ̂µZM/ZG ⊂ Λ̂
Q
ZM/ZG
for
some µ ∈ Λ̂+,Q
Gad
.
When I = ∅, W = 1 and coefficients in E, this property was already described
by Jonathan Wang in [Wan18] Section 5.1.
3. Finiteness of the cuspidal cohomology
Let x be a geometric point of (X rN)I as in 2.3.8.
3.1. Consequences of the contractibility of deep enough horospheres.
Let P be a parabolic subgroup of G and M its Levi quotient. [Xue18a] Sections
4.1-4.5 are totally geometric. Section 4.6 in loc.cit. still holds for cohomology
groups with OE-coefficients.
Definition 3.1.1. For any µ ∈ Λ̂+,Q
Gad
, in loc.cit. Definition 4.1.1, we defined a
bounded set
(3.1) SM(µ) := {λ ∈ Λ̂
+,Q
Gad
| λ ≤M µ}
where M = M/ZG and ≤
M is defined by applying 0.0.8 to H = M . In loc.cit.
Definition 4.1.10, we defined Cht
SM (µ)
G,N,I,W and Cht
′SM (µ)
M,N,I,W . We define complexes
over (X rN)I
H
SM (µ),OE
G,N,I,W = R(pG)!(F
Ξ,OE
G,N,I,W
∣∣∣
Cht
SM (µ)
G,N,I,W /Ξ
)
H
′ SM (µ),OE
M,N,I,W = R(p
′
M)!(F
′ Ξ,OE
M,N,I,W
∣∣∣
Cht
′SM (µ)
M,N,I,W /Ξ
).
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3.1.2. [Xue18a] Sections 4.1-4.5 still hold if we replace everywhere index W by
Σ defined in 2.1.7. In particular, we have morphisms
Cht
SM (µ)
G,N,I,Σ /Ξ
∣∣∣
x
i
′ SM (µ)
←−−−− Cht
′ SM (µ)
P,N,I,Σ /Ξ
∣∣∣
x
π
′ SM (µ)
−−−−−→ Cht
′ SM (µ)
M,N,I,Σ /Ξ
∣∣∣
x
3.1.3. Let C˜(G,X,N,W ) as in loc.cit. Definition 4.6.1. As in loc.cit. 4.6.3, for
µ ∈ Λ̂+,Q
Gad
such that 〈µ, αi〉 > C˜(G,X,N,W ) for all i ∈ ΓG − ΓM , the morphism
i
′ SM (µ) is schematic and proper. Similar to Section 2, we construct a constant
term morphism in D
(−)
c ((X rN)I ,OE):
(3.2) C
P, SM (µ),OE
G,N : H
SM (µ),OE
G,N,I,W
∣∣∣
x
→ H
′ SM (µ),OE
M,N,I,W
∣∣∣
x
.
Proposition 3.1.4. For any µ ∈ Λ̂+,Q
Gad
such that 〈µ, αi〉 > C˜(G,X,N,W ) for all i ∈
ΓG − ΓM , morphism (3.2) is an isomorphism.
Proof. The same as loc.cit. Proposition 4.6.4. 
3.2. Finiteness of the cuspidal cohomology. The goal of this subsection is
to prove:
Theorem 3.2.1. The OE-module
(
H
j,OE
G,N,I,W
∣∣∣
x
)cusp
defined in Definition 2.3.12 is
of finite type.
Theorem 3.2.1 will be a direct consequence of the following proposition.
Proposition 3.2.2. Let G,X,N, I,W, x as before. There exists µ0 ∈ Λ̂
+,Q
Gad
(de-
pending on G,X,N,W, j, x) such that(
H
j,OE
G,N,I,W
∣∣∣
x
)cusp
⊂ Im(Hj,≤µ0,OEG,N,I,W
∣∣∣
x
→ Hj,OEG,N,I,W
∣∣∣
x
)
where Hj,OEG,N,I,W is the inductive limit defined in Definition 1.1.14.
Notation 3.2.3. In the remaining part of this section, to simplify the nota-
tions, we will omit the indices N, I,W, x. For example, Hj,OEG := H
j,OE
G,N,I,W
∣∣∣
x
and
Hj,OEM := H
′ j,OE
M,N,I,W
∣∣∣
x
.
3.2.4. Let R̂Gad be the coroot lattice of G
ad. Let R̂+
Gad
:= Λ̂+
Gad
∩R̂Gad . Let r ∈ N
as in loc.cit. 5.1.1. For any i ∈ ΓG, we denote by αi the corresponding simple root
and by αˇi the corresponding simple coroot. Let Pαi be the maximal parabolic
subgroup with Levi quotient Mαi such that ΓG − ΓMαi = {i}.
3.2.5. For any λ ∈ 1
r
R̂+
Gad
, let
Iλ : H
j,≤λ,OE
G → H
j,OE
G
be the morphism to the inductive limit. For any simple root α of G, let
CPα, j,OEG ◦ Iλ : H
j,≤λ,OE
G → H
′ j,OE
Mα
be the composition of morphisms Hj,≤λ,OEG
Iλ−→ Hj,OEG
C
Pα, j,OE
G−−−−−→ H
′ j,OE
Mα
, where the
second morphism is the constant term morphism defined in Definition 2.3.10.
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3.2.6. Note that for every c ∈ Hj,OEG , there exists λ ∈ R̂
+
Gad
large enough such
that c ∈ Im(Hj,≤λ,OEG → H
j,OE
G ). Thus Proposition 3.2.2 will be a direct conse-
quence of (b) in the following proposition:
Proposition 3.2.7. There exists a constant C0G ∈ Q
≥0 (depending on
G,X,N,W, j, x), such that the following properties hold:
(a) Let µ ∈ 1
r
R̂+
Gad
such that 〈µ, αi〉 ≥ C
0
G for all i ∈ ΓG. Then for any simple
root α of G such that µ − 1
r
αˇ ∈ 1
r
R̂+
Gad
(which is automatic if C0G >
2
r
), the
morphism
(3.3) Ker(H
j,≤µ− 1
r
αˇ,OE
G → H
′ j,OE
Mα
)→ Ker(Hj,≤µ,OEG → H
′ j,OE
Mα
)
is surjective.
(b) There exists µ0 ∈
1
r
R̂+
Gad
(depending on C0G), such that for any λ ∈
1
r
R̂+
Gad
satisfying λ ≥ µ0 and 〈λ, αi〉 ≥ C
0
G for all i ∈ ΓG, the morphism
(3.4) Ker(Hj,≤µ0,OEG →
∏
P(G
H
′ j,OE
M )→ Ker(H
j,≤λ,OE
G →
∏
P(G
H
′ j,OE
M )
is surjective.
(c) There exists a constant CG ≥ C
0
G, such that for any λ ∈
1
r
R̂+
Gad
satisfying
〈λ, αi〉 ≥ CG for all i ∈ ΓG, the morphism Iλ : H
j,≤λ,OE
G → H
j,OE
G is injective.
Proof. As in [Xue18a] Section 5, we use an inductive argument on the semisimple
rank of the group G. Firstly we prove the statements (a), (b) and (c) for every
Levi subgroup of G of rank 0. This is the same as in loc.cit. Section 5.2.
Secondly we prove the key step: for n ≥ 1, if (c) is true for all Levi subgroups
of rank n− 1, then (a) is true for all Levi subgroups of rank n. Then we deduce
easily (a)⇒ (b) for all Levi subgroups of rank n. These are the same as in loc.cit.
Section 5.3.
Finally we prove that (b) ⇒ (c) for all Levi subgroups of rank n. This is the
same as in loc.cit. Section 5.4, except that we replace loc.cit. Lemma 5.4.3 by the
following Lemma 3.2.9. 
3.2.8. As in 3.2.5, for µ ∈ 1
r
R̂+
Gad
, we have
Iµ : H
j,≤µ,OE
G → H
j,OE
G .
For λ ∈ 1
r
R̂+
Gad
such that λ ≥ µ, we denote by
Iλµ : H
j,≤µ,OE
G → H
j,≤λ,OE
G
the morphism defined in 1.1.13. We have Ker(Iλµ) ⊂ Ker(Iµ) ⊂ H
j,≤µ,OE
G .
For λ2 ≥ λ1 ≥ µ, we have Ker(I
λ1
µ ) ⊂ Ker(I
λ2
µ ).
Lemma 3.2.9. (see loc.cit. Lemma 5.4.3 for E-coefficient) Let µ ∈ 1
r
R̂+
Gad
. There
exists µ♯ ∈ R̂+
Gad
such that µ♯ ≥ µ and Ker(Iµ
♯
µ ) = Ker(Iµ).
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Proof. We have the filtered system {Ker(Iλµ) | λ ∈
1
r
R̂+
Gad
, λ ≥ µ} in Ker(Iµ)
and Ker(Iµ) = lim−→λKer(I
λ
µ). Since H
j,≤µ,OE
G is a OE-module of finite type, it is
Noetherian. So the sub-OE-module Ker(Iµ) is Noetherian. Then the result is
clear. 
Remark 3.2.10. The proof of loc.cit. Lemma 5.3.4 still holds for OE-coefficients.
In particular, there exists µ˜ ∈ Λ̂+,Q
Gad
such that for all µ ≥ µ˜, morphism (2.35)
defined in Remark 2.3.11 is injective. Thus morphism (2.36) is injective. We
deduce from diagram (2.37) that
(3.5) Ker(
∏
ν
CP, j, ν,OEG,N ) = Ker(C
P, j,OE
G,N ).
Hence
(3.6)
(
H
j,OE
G,N,I,W
∣∣∣
x
)cusp
=
⋂
P G
⋂
ν∈Λ̂Q
ZM/ZG
KerCP, j, ν,OEG,N .
4. Commutativity between constant term morphisms and actions
of Hecke algebras
We recall [Xue18a] Section 6.1-6.2, with necessary modifications. In this sec-
tion, all the stacks are restricted to a geometric point x of (X rN)I as in 2.3.8.
4.1. Compatibility of constant term morphisms and level change.
4.1.1. As in loc.cit. 6.1.1, let K be a compact open subgroup of G(O), let N˜ be
a level such that KN˜ ⊂ K. We define ChtG,K,I,W := ChtG,N˜,I,W /(K/KN˜). It is
independent of the choice of N˜ . We define FΞ,OEG,K,I,W over ChtG,K,I,W /Ξ and
Hj,OEG,K,I,W := lim−→
µ
Hjc (Cht
≤µ
G,K,I,W /Ξ,F
Ξ,OE
G,K,I,W).
When K = KN for some level N , we have H
j,OE
G,KN ,I,W
= Hj,OEG,N,I,W
∣∣∣
x
.
As in loc.cit. 6.1.2, let K ′ be another compact open subgroup of G(O) and
K ′ ⊂ K. We have a morphism prGK ′,K : ChtG,K ′,I,W → ChtG,K,I,W . It is fi-
nite étale of degree ♯(K/K ′) (the cardinality). The adjunction morphism Id →
(prGK ′,K)∗(pr
G
K ′,K)
∗ induces a morphism of cohomology groups
adj(prGK ′,K) : H
j,OE
G,K,I,W → H
j,OE
G,K ′,I,W .
The counit morphism (in this case equal to the trace map) (prGK ′,K)!(pr
G
K ′,K)
! → Id
induces a (surjective) morphism of cohomology groups
Co(prGK ′,K) : H
j,OE
G,K ′,I,W → H
j,OE
G,K,I,W .
Although we do not need it, note that the composition of morphisms
Co(prGK ′,K) ◦ adj(pr
G
K ′,K) is the multiplication by scalar ♯(K/K
′).
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4.1.2. Let K be a compact open subgroup of G(O), as in loc.cit. 6.1.4, we define
Cht′P,K,I,W .
As in loc.cit. 6.1.6, let D be the category of discrete sets S equipped with a
continuous action of P (A) with finitely many orbits such that the stabilizer of
any point is conjugated to some open subgroup of finite index in P (O). For any
S ∈ D, we define functorially the cohomology group H
′ j,OE
M,S,I,W in the following
way.
When S has only one orbit, choose a point s ∈ S, let H be the stabilizer of s.
Then S = P (A)/H . Let R be a subgroup of finite index in H ∩U(A) and normal
in H . In loc.cit. 6.1.5, we defined ChtM,∞,I,W := lim←−N
ChtM,N,I,W and equipped
it with an action of M(A). As in loc.cit. 6.1.6, we define the Deligne-Mumford
stack ChtM,∞,I,W /(H/R)Ξ and the perverse sheaf F
Ξ,OE
M,∞,I,W over this stack. We
define
H
′ j,OE
M,H,R,I,W := lim−→
µ
∏
ν
Hjc (Cht
≤µ, ν
M,∞,I,W /(H/R)Ξ,F
Ξ,OE
M,∞,I,W ),
As in loc.cit. 6.1.6, for R1 ⊂ R2 two subgroups of finite index in H ∩U(A) and
normal in H , the projection H/R1 ։ H/R2 induces a morphism
qR1,R2 : ChtM,∞,I,W /(H/R1)→ ChtM,∞,I,W /(H/R2)
which is a gerbe for the finite q-group R2/R1. Note that the cardinality of R2/R1
is invertible in OE . The counit morphism (which is equal to the trace map
because qR1,R2 is smooth of dimension 0) Co(qR1,R2) : (qR1,R2)!(qR1,R2)
! → Id is an
isomorphism in D
(−)
c (ChtM,∞,I,W /(H/R2),OE). Indeed, just as in loc.cit. 6.1.6,
by proper base change and the fact that qR1,R2 is smooth, we reduce to the case
of Lemma 4.1.3 below with Γ = R2/R1. The morphism Co(qR1,R2) induces an
isomorphism of cohomology groups
(4.1) H
′ j,OE
M,H,R1,I,W
∼
→ H
′ j,OE
M,H,R2,I,W
We define H
′ j,OE
M,S,I,W to be any H
′ j,OE
M,H,R,I,W , where we identify H
′ j,OE
M,H,R1,I,W
and
H
′ j,OE
M,H,R2,I,W
by (4.1). As in loc.cit. 6.1.6, H
′ j,OE
M,S,I,W is independent of the choice of
s ∈ S. In fact, let s1, s2 be two point of S and H1 (resp. H2) be the stabilizer of
s1 (resp. s2), then H2 = p
−1H1p for some p ∈ P (A). The action of p induces an
isomorphism ChtM,∞,I,W /(H1/R)
∼
→ ChtM,∞,I,W /(p
−1H1p/p
−1Rp). We deduce
an isomorphism of cohomology groups by the adjunction morphism.
In general, for S = ⊔α∈Aα a finite union of orbits, we define
H
′ j,OE
M,S,I,W :=
⊕
α∈A
H
′ j,OE
M,α,I,W .
When S = G(A)/K for some compact open subgroup K in G(O), we define
(4.2) H
′ j,OE
M,K,I,W := H
′ j,OE
M,S,I,W .
Lemma 4.1.3. Let Γ be a finite group with cardinality invertible in OE. We
denote by BΓ the classifying stack of Γ over Spec k, where k is an algebraically
closed field over Fq. Let q : BΓ → Spec k be the structure morphism. Then
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the counit morphism (equal to the trace map) Co(q) : q!q
! → Id of functors in
D
(−)
c (Spec k,OE) is an isomorphism.
Proof. The same as the proof of [Xue18a] Lemma 6.1.7. 
Remark 4.1.4. In Lemma 4.1.3, the condition on the cardinality of Γ is necessary.
See [LO08a] 4.9.2 for a counter-example.
4.1.5. [Xue18a] 6.1.8-6.1.14 are still true for cohomology with OE-coefficients.
In particular, let K be a compact open subgroup of G(O). As in loc.cit. 6.1.9,
we construct the constant term morphism
(4.3) CP, j,OEG,K : H
j,OE
G,K,I,W → H
′ j,OE
M,K,I,W .
4.1.6. Let S1, S2 ∈ D and f : S1 → S2 be a morphism in D. In loc.cit. 6.1.10,
we defined a finite étale morphism
q
M
f : Cht
′
M,S1,R,I,W → Cht
′
M,S2,R,I,W .
The adjunction morphism Id→ (qMf )∗(q
M
f )
∗ induces a morphism
adj(qMf ) : H
′ j,OE
M,S2,I,W
→ H
′ j,OE
M,S1,I,W
The counit morphism (qMf )!(q
M
f )
! → Id induces a morphism
Co(qMf ) : H
′ j,OE
M,S1,I,W
→ H
′ j,OE
M,S2,I,W
4.1.7. As in loc.cit. 6.1.14, let K ′ ⊂ K be two compact open subgroups of
G(O). Applying 4.1.6 to S1 = G(A)/K
′, S2 = G(A)/K and the projection
G(A)/K ′ ։ G(A)/K, we define a finite étale morphism
prMK ′,K : Cht
′
M,S1,R,I,W → Cht
′
M,S2,R,I,W .
The adjunction morphism Id→ (prMK ′,K)∗(pr
M
K ′,K)
∗ induces
adj(prMK ′,K) : H
′ j,OE
M,K,I,W → H
′ j,OE
M,K ′,I,W .
The counit morphism (prMK ′,K)!(pr
M
K ′,K)
! → Id induces
Co(prMK ′,K) : H
′ j,OE
M,K ′,I,W → H
′ j,OE
M,K,I,W .
Although we do not need it, we can prove that the composition of morphisms
Co(prMK ′,K) ◦ adj(pr
M
K ′,K) is the multiplication by scalar ♯(K/K
′).
Lemma 4.1.8. For K ′ ⊂ K as in 4.1.7, the following diagram of cohomology
groups commutes:
(4.4) Hj,OEG,K,I,W
adj(prG
K′,K
)
//
C
P, j,OE
G,K

Hj,OEG,K ′,I,W
C
P, j,OE
G,K′

H
′ j,OE
M,K,I,W
adj(prM
K′,K
)
// H
′ j,OE
M,K ′,I,W
Proof. The same as the proof of loc.cit. Lemma 6.1.15. 
24 CONG XUE
Lemma 4.1.9. For K ′ ⊂ K as in 4.1.7, the following diagram of cohomology
groups commutes:
(4.5) Hj,OEG,K ′,I,W
Co(prG
K′,K
)
//
C
P, j,OE
G,K′

Hj,OEG,K,I,W
C
P, j,OE
G,K

H
′ j,OE
M,K ′,I,W
Co(prM
K′,K
)
// H
′ j,OE
M,K,I,W
Proof. The same as the proof of loc.cit. Lemma 6.1.16. 
4.2. Action of Hecke algebras.
4.2.1. In [Xue18a] 6.1.3, we defined ChtG,∞,I,W := lim←−
ChtG,N,I,W and equipped
it with an action of G(A).
Let v be a place in X. Let g ∈ G(Fv). Let K˜ ⊂ G(O) be a compact open
subgroup such that g−1K˜g ⊂ G(O). In loc.cit. 6.2.1, we proved that the action
of g induces an isomorphism
ChtG,∞,I,W /K˜
∼
→ ChtG,∞,I,W /g
−1K˜g.
It induces (by adjunction) an isomorphism of cohomology groups:
(4.6) adj(g) : Hj,OE
G,g−1K˜g,I,W
∼
→ Hj,OE
G,K˜,I,W
4.2.2. We denote by Ov the ring of integral adèles outside v. Let
K = KvKv ⊂ G(O
v)G(Ov) = G(O) be an open compact subgroup. Let
h = 1KvgKv ∈ Cc(Kv\G(Fv)/Kv,OE) be the characteristic function of KvgKv for
some g ∈ G(Fv). As in loc.cit. 6.2.2, the action of h on H
j,OE
G,K,I,W is given by the
following composition of morphisms
(4.7) T (h) : Hj,OEG,K,I,W
adj
−→ Hj,OEG,K∩g−1Kg,I,W
adj(g)
−−−→
∼
Hj,OEG,gKg−1∩K,I,W
Co
−→ Hj,OEG,K,I,W ,
where adj = adj(prGK∩g−1Kg,K) and Co = Co(pr
G
gKg−1∩K,K), the isomorphism
adj(g) is induced by (4.6) applied to K˜ = gKg−1 ∩ K. Note that (4.7) de-
pends only on the class KvgKv of g in G(Fv). The action of T (h) is equivalent
to the one constructed by Hecke correspondence (see [Laf18] 2.20 and 4.4).
4.2.3. Let K˜ and g as in 4.2.1. The right action of g (by right multiplication by
g) on G(A) induces an isomorphism
(4.8) g : G(A)/K˜
∼
→ G(A)/g−1K˜g
Applying 4.1.6 to S1 = G(A)/K˜, S2 = G(A)/g
−1K˜g and the isomorphism (4.8),
we deduce an isomorphism of cohomology groups:
(4.9) adj(g) : H
′ j,OE
M,g−1K˜g,I,W
∼
→ H
′ j,OE
M,K˜,I,W
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4.2.4. Let K and h as in 4.2.2. The action of h on H
′ j,OE
M,K,I,W is given by the
following composition of morphisms
(4.10)
T (h) : H
′ j,OE
M,K,I,W
adj
−→ H
′ j,OE
M,K∩g−1Kg,I,W
adj(g)
−−−→
∼
H
′ j,OE
M,gKg−1∩K,I,W
Co
−→ H
′ j,OE
M,K,I,W ,
where adj = adj(prMK∩g−1Kg,K) and Co = Co(pr
M
gKg−1∩K,K), the isomorphism
adj(g) is induced by (4.9) applied to K˜ = gKg−1 ∩ K. Note that (4.10) de-
pends only on the class KvgKv of g in G(Fv).
We remark that in general K˜ and g−1K˜g are not normal in G(O). This is the
reason why we define morphism (4.9) using the functoriality in 4.1.6.
Lemma 4.2.5. Let K˜ and g as in 4.2.1. The following diagram of cohomology
groups commutes:
(4.11) Hj,OE
G,g−1K˜g,I,W
C
P, j,OE
G,g−1K˜g

adj(g)
≃
// Hj,OE
G,K˜,I,W
C
P, j,OE
G,K˜

H
′ j,OE
M,g−1K˜g,I,W
adj(g)
≃
// H
′ j,OE
M,K˜,I,W
Proof. The same as the proof of loc.cit. Lemma 6.2.5. 
Proposition 4.2.6. (Hecke action at any place commutes with constant term
morphism) For any place v of X, any K and h ∈ Cc(Kv\G(Fv)/Kv,OE) as in
4.2.2, the following diagram of cohomology groups commutes:
(4.12) Hj,OEG,K,I,W
T (h)
//
C
P, j,OE
G,K

Hj,OEG,K,I,W
C
P, j,OE
G,K

H
′ j,OE
M,K,I,W
T (h)
// H
′ j,OE
M,K,I,W
where the horizontal morphisms are defined in 4.2.2 and 4.2.4, the vertical mor-
phisms are the constant term morphism defined in (4.3).
Proof. It is a consequence of Lemma 4.1.8, Lemma 4.1.9 and Lemma 4.2.5. 
4.2.7. From now on let N ⊂ X be a closed subscheme and v be a place in XrN .
As in loc.cit. 6.2.7, we have the (unnormalized) Satake transform:
(4.13)
Cc(G(Ov)\G(Fv)/G(Ov),OE) →֒ Cc(M(Ov)\M(Fv)/M(Ov),OE)
h 7→ hM : m 7→
∑
u∈U(Fv)/U(Ov)
h(mu).
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4.2.8. Applying 4.2.2 to M (replacing G by M and h by hM), we obtain an
action of T (hM) on Hj,OEM,N,I,W . Since Cht
′
M,N,I,W = ChtM,N,I,W
P (ON )
× G(ON) is a
finite union of ChtM,N,I,W , we deduce an action of T (h
M) on H
′ j,OE
M,N,I,W .
Lemma 4.2.9. The action of T (h) on H
′ j,OE
M,N,I,W = H
′ j,OE
M,KN ,I,W
(defined in (4.10))
coincides with the action of T (hM) on H
′ j,OE
M,N,I,W (defined in 4.2.8).
Remark 4.2.10. In [Xue18a], the E-coefficients version of this lemma is proved
by Lemma 6.2.10 in loc.cit.. However, the proof of Lemma 6.2.10 in loc.cit. does
not work for OE-coefficients because we no longer have Haar measures. We will
give another proof for Lemma 4.2.9.
Since v ∈ X rN , N does not play any role in the action of T (h) and T (hM).
To simplify the notations, we give the proof for N = ∅. The proof for the general
case is similar.
4.2.11. Let g ∈ G(Fv). Let h = 1G(Ov)gG(Ov) ∈ Cc(G(Ov)\G(Fv)/G(Ov),OE).
We have a correspondence:
G(Fv)/G(Ov)
i0
←− P (Fv)/P (Ov)
π0
−→M(Fv)/M(Ov)
Note that i0 is a bijection.
We view h as a G(Ov)-equivariant function on G(Fv)/G(Ov). Thus h
M defined
in 4.2.7 is given by (π0)!(i
0)∗h. Concretely, h is supported on the G(Ov)-orbit
G(Ov)gG(Ov)/G(Ov). The inverse image (i
0)−1(G(Ov)gG(Ov)/G(Ov)) is a union
of P (Ov)-orbits ⊔
α
P (Ov)g
α
PP (Ov)/P (Ov)
where gαP ∈ P (Fv) and α ∈ {P (Ov)-orbits in (i
0)−1(G(Ov)gG(Ov)/G(Ov))}. For
every α, the image π0(P (Ov)g
α
PP (Ov)/P (Ov)) is a M(Ov)-orbit
M(Ov)g
α
MM(Ov)/M(Ov)
where gαM = π
0(gαP ) ∈ M(Fv). Let c
α be the cardinality of the fiber of the
projection P (Ov)g
α
PP (Ov)/P (Ov)
π0
−→M(Ov)g
α
MM(Ov)/M(Ov). We have
hM =
∑
α
cα1M(Ov)gαMM(Ov) ∈ Cc(M(Ov)\M(Fv)/M(Ov),OE).
Note that for α1 6= α2, we have g
α1
P 6= g
α2
P , but we may have g
α1
M = g
α2
M .
The action of T (hM) on Hj,OEM,I,W is given by
∑
α c
αT (1M(Ov)gαMM(Ov)). For each
α, apply 4.2.1 and 4.2.2 to M (replacing G by M and g by gαM). The action of
T (1M(Ov)gαMM(Ov)) is given by
(4.14)
Hj,OEM,I,W
adj
−→ Hj,OEM,M(O)∩(gαM )−1M(O)gαM ,I,W
adj(gαM )−−−−→
∼
Hj,OEM,gαMM(O)(gαM )−1∩M(O),I,W
Co
−→ Hj,OEM,I,W
The middle morphism is induced by
ChtM,∞,I,W /g
α
MM(O)(g
α
M )
−1 ∩M(O)
gαM−−→
∼
ChtM,∞,I,W /M(O) ∩ (g
α
M)
−1M(O)gαM
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4.2.12. We view g ∈ G(Fv) in 4.2.11 as an element in G(A). By 4.2.4, the action
of T (h) on Hj,OEM,I,W is given by
(4.15) Hj,OEM,I,W
adj
−→ H
′ j,OE
M,G(O)∩g−1G(O)g,I,W
adj(g)
−−−→
∼
H
′ j,OE
M,gG(O)g−1∩G(O),I,W
Co
−→ Hj,OEM,I,W
The first morphism is induced (by the functoriality in 4.1.6) by the projection
(4.16) G(A)/G(O) ∩ g−1G(O)g ։ G(A)/G(O)
The middle morphism is induced by the right multiplication by g:
(4.17) G(A)/gG(O)g−1 ∩G(O)
g
−→
∼
G(A)/G(O) ∩ g−1G(O)g
The third morphism is induced by the projection
(4.18) G(A)/gG(O)g−1 ∩G(O)։ G(A)/G(O)
The P (A) action on all the sets is by left multiplication. We have
Ω :={P (O)-orbit in G(O)gG(O)/G(O)}
(a)
={P (O)-orbit in G(O)/gG(O)g−1 ∩G(O)}
(b)
={P (A)-orbit in G(A)/gG(O)g−1 ∩G(O)}
(c)
={P (A)-orbit in G(A)/G(O) ∩ g−1G(O)g}
(d)
={P (O)-orbit in G(O)/G(O) ∩ g−1G(O)g}
(e)
={P (O)-orbit in G(O)g−1G(O)/G(O)}
where (a) follows from the fact that G(O)gG(O)/G(O) = G(O)/ Stab(g) and the
stabilizer Stab(g) = gG(O)g−1 ∩ G(O), (b) and (d) follows from G(A)/G(O) =
P (A)/P (O), (c) follows from (4.17).
Note that since g ∈ G(Fv), we have G(O)g
−1G(O)/G(O) =
G(Ov)g
−1G(Ov)/G(Ov).
4.2.13. Let S1 = G(A)/G(O) ∩ g
−1G(O)g and S2 = G(A)/G(O). Let f be the
morphism (4.16). In the setting of [Xue18a] 6.1.10 and Remark 6.1.11 (recalled in
4.1.6 above), all P (A)-orbits in S1 are sent to the unique P (A)-orbit in S2. Choose
a representative s2 in G(O)/G(O) in S2. Its stabilizer H2 = P (O). For each α,
choose the representative sα1 ∈ G(O)/G(O) ∩ g
−1G(O)g = G(O)g−1G(O)/G(O)
to be (gαP )
−1. Then its stabilizer Hα1 = P (O) ∩ (g
α
P )
−1P (O)gαP . The projection
P (A)։M(A) induces a morphism
(4.19) P (O) ∩ (gαP )
−1P (O)gαP → M(O) ∩ (g
α
M)
−1M(O)gαM
Let Rα1 be the kernel of (4.19). We have R
α
1 = U(O) ∩ H
α
1 . The morphism
Hα1 /R
α
1 →֒ H2/R
α
1 induces a morphism
(4.20) ChtM,∞,I,W /(H
α
1 /R
α
1 )→ ChtM,∞,I,W /(H2/R
α
1 )
By adjunction, it induces
(4.21) H
′ j
M,H2,Rα1 ,I,W
adj
−→ H
′ j
M,Hα1 ,R
α
1 ,I,W
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Moreover, Hα1 /R
α
1 ⊂M(O) ∩ (g
α
M)
−1M(O)gαM induces morphism
ChtM,∞,I,W /(H
α
1 /R
α
1 )→ ChtM,∞,I,W /
(
M(O) ∩ (gαM)
−1M(O)gαM
)
.
We have morphisms
(4.22)
HjM,M(O)∩(gαM )−1M(O)gαM ,I,W
adj
−→ H
′ j
M,Hα1 ,R
α
1 ,I,W
Co
−→ HjM,M(O)∩(gαM )−1M(O)gαM ,I,W
.
The composition is the multiplication by ♯
(
(M(O)∩(gαM )
−1M(O)gαM )/(H
α
1 /R
α
1 )
)
.
Note that ChtM,I,W = ChtM,∞,I,W /(P (O)/U(O)). Since R
α
1 ⊂ U(O), as in
4.1.2, the projection P (O)/Rα1 ։ P (O)/U(O) induces a morphism
ChtM,∞,I,W /(P (O)/R
α
1 )→ ChtM,∞,I,W /(P (O)/U(O))
which is a gerbe for the finite q-group U(O)/Rα1 . We deduce
(4.23) HjM,I,W = H
′ j
M,H2,U(O),I,W
adj
−→
∼
H
′ j
M,H2,Rα1 ,I,W
Co
−→
∼
H
′ j
M,H2,U(O),I,W
= HjM,I,W
where the composition is the multiplication by (♯U(O)/Rα1 )
−1.
We have a commutative diagram
(4.24) H
′ j
M,H2,Rα1 ,I,W
adj // H
′ j
M,Hα1 ,R
α
1 ,I,W
HjM,I,W
adj //
adj ≃
OO
HjM,M(O)∩(gαM )−1M(O)gαM ,I,W
adj
OO
4.2.14. Similarly, let S3 = G(A)/gG(O)g
−1 ∩ G(O). Apply [Xue18a] 6.1.10
to (4.18): S3 → S2. All P (A)-orbits in S3 are sent to the unique P (A)-orbit
in S2. For each α, choose the representative s
α
3 ∈ G(O)/gG(O)g
−1 ∩ G(O) =
G(O)gG(O)/G(O) to be gαP . Then its stabilizer H
α
3 = g
α
PP (O)(g
α
P )
−1 ∩ P (O).
The projection P (A)։M(A) induces a morphism
(4.25) gαPP (O)(g
α
P )
−1 ∩ P (O)→ gαMM(O)(g
α
M )
−1 ∩M(O)
Let Rα3 be the kernel of (4.25). We have R
α
3 = U(O) ∩ H
α
3 . The morphism
Hα3 /R
α
3 →֒ H2/R
α
3 induces a morphism
(4.26) ChtM,∞,I,W /(H
α
3 /R
α
3 )→ ChtM,∞,I,W /(H2/R
α
3 )
By counit morphism, it induces
(4.27) H
′ j
M,Hα3 ,R
α
3 ,I,W
Co
−→ H
′ j
M,H2,Rα3 ,I,W
Moreover, Hα3 /R
α
3 ⊂ g
α
MM(O)(g
α
M )
−1 ∩M(O) induces
ChtM,∞,I,W /(H
α
3 /R
α
3 )→ ChtM,∞,I,W /
(
gαMM(O)(g
α
M )
−1 ∩M(O)
)
We have morphisms
(4.28)
HjM,gαMM(O)(gαM )−1∩M(O),I,W
adj
−→ H
′ j
M,Hα3 ,R
α
3 ,I,W
Co
−→ HjM,gαMM(O)(gαM )−1∩M(O),I,W
.
The composition is the multiplication by ♯
(
(gαMM(O)(g
α
M )
−1∩M(O))/(Hα3 /R
α
3 )
)
.
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Since Rα3 ⊂ U(O), as in 4.1.2, the projection P (O)/R
α
3 ։ P (O)/U(O) induces
a morphism
ChtM,∞,I,W /(P (O)/R
α
3 )→ ChtM,∞,I,W /(P (O)/U(O))
which is a gerbe for the finite q-group U(O)/Rα3 . We deduce
(4.29) HjM,I,W = H
′ j
M,H2,U(O),I,W
adj
−→
∼
H
′ j
M,H2,Rα3 ,I,W
Co
−→
∼
H
′ j
M,H2,U(O),I,W
= HjM,I,W
where the composition is the multiplication by (♯U(O)/Rα3 )
−1.
We have a commutative diagram
(4.30) H
′ j
M,Hα3 ,R
α
3 ,I,W
Co //
Co

H
′ j
M,H2,Rα3 ,I,W
Co≃

HjM,gαMM(O)(gαM )−1∩M(O),I,W
Co // HjM,I,W
4.2.15. Note that Hα3 = g
α
PH
α
1 (g
α
P )
−1 and Rα3 = g
α
PR
α
1 (g
α
P )
−1. The action of gαP
(where gαP acts on ChtM,∞,I,W by g
α
M) induces an isomorphism
ChtM,∞,I,W /(H
α
3 /R
α
3 )
gαP−→
∼
ChtM,∞,I,W /(H
α
1 /R
α
1 )
We deduce an isomorphism of cohomology groups by the adjunction morphism.
(4.31) H
′ j
M,Hα1 ,R
α
1 ,I,W
adj(gαP )−−−−→
∼
H
′ j
M,Hα3 ,R
α
3 ,I,W
Proof of Lemma 4.2.9:
For each α, we have the following diagram, whose commutativity will be proven
next:
(4.32)
H
′ j
M,H2,Rα1 ,I,W
adj // H
′ j
M,Hα1 ,R
α
1 ,I,W
adj(gαP ) // H
′ j
M,Hα3 ,R
α
3 ,I,W
Co // H
′ j
M,H2,Rα3 ,I,W
Co≃

HjM,I,W
adj //
adj ≃
OO
HjM,M(O)∩(gαM )−1M(O)gαM ,I,W
cα adj(gαM )// HjM,gαMM(O)(gαM )−1∩M(O),I,W
Co // HjM,I,W
where cα is defined in 4.2.11.
The morphism
P (Ov)g
α
PP (Ov)/P (Ov)։M(Ov)g
α
MM(Ov)/M(Ov)
coincides with the morphism
P (Ov)/g
α
PP (Ov)(g
α
P )
−1 ∩ P (Ov)։M(Ov)/g
α
MM(Ov)(g
α
M)
−1 ∩M(Ov)
i.e.
P (O)/gαPP (O)(g
α
P )
−1 ∩ P (O)։M(O)/gαMM(O)(g
α
M )
−1 ∩M(O)
We deduce that
cα = ♯(U(O)/Rα1 ) · ♯
(
(M(O) ∩ (gαM)
−1M(O)gαM )/(H
α
1 /R
α
1 )
)
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Similarly, cα = ♯(U(O)/Rα3 ) · ♯
(
(gαMM(O)(g
α
M )
−1 ∩M(O))/(Hα3 /R
α
3 )
)
. Moreover,
since Hα3 = g
α
PH
α
1 (g
α
P )
−1 and Rα3 = g
α
PR
α
1 (g
α
P )
−1, we have
♯
(
(M(O)∩(gαM )
−1M(O)gαM )/(H
α
1 /R
α
1 )
)
= ♯
(
(gαMM(O)(g
α
M)
−1∩M(O))/(Hα3 /R
α
3 )
)
♯(U(O)/Rα1 ) = ♯(U(O)/R
α
3 ).
Taking into account (4.22), (4.23), (4.28) and (4.29), we deduce that diagram
(4.32) is commutative.
Taking direct sum on α ∈ Ω, we deduce that the following diagram is commu-
tative
(4.33)
⊕αH
′ j
M,Hα1 ,R
α
1 ,I,W
adj(gαP ) // ⊕αH
′ j
M,Hα3 ,R
α
3 ,I,W
Co
))❙❙❙
❙❙
❙❙
❙❙
❙❙❙
❙❙
❙❙
❙
HjM,I,W
adj //
adj
55❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦
⊕αH
j
M,M(O)∩(gαM )
−1M(O)gαM ,I,W
cα adj(gαM )// ⊕αH
j
M,gαMM(O)(g
α
M )
−1∩M(O),I,W
Co // HjM,I,W
Taking into account (4.2), the composition of the upper line is the action of
T (h) given in (4.15), the composition of the lower line is the action of T (hM)
given in 4.2.11. We deduce the lemma. 
Lemma 4.2.16. (Hecke action at any unramified place commutes
with constant term morphism) For any place v of X r N and any
h ∈ Cc(G(Ov)\G(Fv)/G(Ov),OE), the following diagram of cohomology groups
is commutative:
(4.34) Hj,OEG,N,I,W
T (h)
//
C
P, j,OE
G,N

Hj,OEG,N,I,W
C
P, j,OE
G,N

H
′ j,OE
M,N,I,W
T (hM )
// H
′ j,OE
M,N,I,W
where the vertical morphisms are the constant term morphism defined in Defini-
tion 2.3.10.
Proof. Follows from Proposition 4.2.6 and Lemma 4.2.9. 
Remark 4.2.17. The direct argument in the proof of [Xue17] Lemme 8.1.1 also
works for OE-coefficients. This gives another proof of Lemma 4.2.16.
5. Finiteness of cohomology with integral coefficients as module
over Hecke algebras
Let x be a geometric point of (XrN)I as in 2.3.8. Sections 1 and 2 of [Xue18b]
still hold for OE-coefficients.
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5.0.1. For any place u ofXrN , we denote by H OEG,u := Cc(G(Ou)\G(Fu)/G(Ou),OE)
the Hecke algebra at u.
Proposition 5.0.2. There exists µ1 ∈ Λ̂
+,Q
Gad
large enough, such that
(5.1) Hj,OEG,N,I,W
∣∣∣
x
= H OEG,u · Im
(
H
j,≤µ1,OE
G,N,I,W
∣∣∣
x
→ Hj,OEG,N,I,W
∣∣∣
x
)
Proof. Similar to [Xue18b] Definition 2.2.2, we define a filtration F •G of
H
j,OE
G,N,I,W
∣∣∣
x
:
µ ∈
1
r
R̂+
Gad
, F µG := Im(H
j,≤µ,OE
G,N,I,W
∣∣∣
x
→ Hj,OEG,N,I,W
∣∣∣
x
).
For every maximal parabolic subgroup P of G with Levi quotient M , similar to
loc.cit. Definition 2.4.2, we define a filtration F •M of H
′ j,OE
M,N,I,W
∣∣∣
x
:
µ ∈
1
r
R̂+
Gad
, F µM := Im(H
′ j,≤µ,OE
M,N,I,W
∣∣∣
x
→ H
′ j,OE
M,N,I,W
∣∣∣
x
).
For any µ1, µ2 ∈
1
r
R̂+
Gad
and µ1 ≤ µ2, F
µ1
G (resp. F
µ1
M ) is a sub-OE-module of F
µ2
G
(resp. F µ2M ).
As in loc.cit., let ω be the quasi-fundamental coweight of G in the center of M
and hGω ∈ H
OE
G,u be the characteristic function of G(Ou)̟
ωG(Ou), where ̟ is a
uniformizer of Ou. Let αˇ be the simple coroot of G which is not a simple coroot
of M . Let l = deg(u). Taking into account Lemma 4.2.16, as in loc.cit. 2.5, we
have a commutative diagram
(5.2) F µ−ωlG /F
µ−ωl− 1
r
αˇ
G
hGω //
CPG 
F µG/F
µ− 1
r
αˇ
G
CPG 
F µ−ωlM /F
µ−ω− 1
r
αˇl
M
hGω
≃
// F µM/F
µ− 1
r
αˇ
M
where the horizontal morphisms are induced by the action of the Hecke operator
hGω , and the vertical morphisms are induced by the constant term morphisms.
The lower line is an isomorphism for the same reason as in loc.cit. Lemma 2.4.3.
By Proposition 3.1.4 and Proposition 3.2.7 in this paper, loc.cit. Proposition
2.3.14 still hold for cohomology groups with OE-coefficients. Thus for µ large
enough as in loc.cit. Lemma 2.2.11, the vertical morphisms in (5.2) are isomor-
phisms. So the upper line of (5.2) is an isomorphism.
Then we use the same argument as in the proof of loc.cit. Proposition 2.2.4 for
the filtrations F •G defined above. This proves Proposition 5.0.2. 
5.0.3. Proposition 5.0.2 and the fact that Hj,≤µ1,OEG,N,I,W
∣∣∣
x
is a OE-module of finite
type imply the following
Theorem 5.0.4. The cohomology group Hj,OEG,N,I,W
∣∣∣
x
is of finite type as a H OEG,u -
module.
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Corollary 5.0.5. The order of torsion in Hj,OEG,N,I,W
∣∣∣
x
as a OE-module is bounded.
Proof. Since H OEG,u is Noetherian, H
j,OE
G,N,I,W
∣∣∣
x
is also Noetherian. Let Kn
be the sub-OE-module of H
j,OE
G,N,I,W
∣∣∣
x
of elements a such that ℓna = 0. Then
K1, K2, · · · , Kn, · · · form an ascending chain. Thus it is stationary. 
6. Cuspidal cohomology and Hecke-finite cohomology
In this section, let x be a geometric point of (X rN)I as in 2.3.8.
In [Xue18a], we proved that(
H
j, E
G,N,I,W
∣∣∣
x
)cusp
=
(
H
j, E
G,N,I,W
∣∣∣
x
)Hf-rat
⊃
(
H
j, E
G,N,I,W
∣∣∣
x
)Hf
.
In this section, firstly we will prove in Proposition 6.1.2 that(
H
j,OE
G,N,I,W
∣∣∣
x
)cusp
=
(
H
j,OE
G,N,I,W
∣∣∣
x
)Hf
.
Then we will prove that the image of
(
H
j,OE
G,N,I,W
∣∣∣
x
)cusp
in
(
H
j, E
G,N,I,W
∣∣∣
x
)cusp
is an
OE-lattice stable under the action of Hecke algebras. Finally we will prove in
Proposition 6.3.3 that (
H
j, E
G,N,I,W
∣∣∣
x
)cusp
=
(
H
j, E
G,N,I,W
∣∣∣
x
)Hf
.
6.1. Cuspidal cohomology with OE-coefficients and Hecke-finite coho-
mology with OE-coefficients.
Definition 6.1.1. Similarly to Définition 8.19 of [Laf18], we define(
H
j,OE
G,N,I,W
∣∣∣
x
)Hf
:=
{c ∈ Hj,OEG,N,I,W
∣∣∣
x
, the OE-module Cc(KN\G(A)/KN ,OE) · c is of finite type}.
Proposition 6.1.2. The two sub-OE-modules
(
H
j,OE
G,N,I,W
∣∣∣
x
)cusp
and
(
H
j,OE
G,N,I,W
∣∣∣
x
)Hf
of Hj,OEG,N,I,W
∣∣∣
x
are equal.
Proof. It follows from Lemma 6.1.3 and Lemma 6.1.4 below. 
Lemma 6.1.3. We have an inclusion
(6.1)
(
H
j,OE
G,N,I,W
∣∣∣
x
)cusp
⊂
(
H
j,OE
G,N,I,W
∣∣∣
x
)Hf
Proof. By Theorem 3.2.1, the OE-module
(
H
j,OE
G,N,I,W
∣∣∣
x
)cusp
is of finite type.
By Proposition 4.2.6, it is stable under the action of the Hecke algebra
Cc(KN\G(A)/KN ,OE). We conclude by Definition 6.1.1. 
Lemma 6.1.4. We have an inclusion
(6.2)
(
H
j,OE
G,N,I,W
∣∣∣
x
)cusp
⊃
(
H
j,OE
G,N,I,W
∣∣∣
x
)Hf
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Proof. The proof is similar to the proof of [Xue18a] Lemma 6.3.3. Let a ∈(
H
j,OE
G,N,I,W
∣∣∣
x
)Hf
. We argue by contradiction. Suppose that a /∈
(
H
j,OE
G,N,I,W
∣∣∣
x
)cusp
,
then there exists a maximal parabolic subgroup P with Levi quotient M such
that b := CP, j,OEG (a) is non zero. Let v be a place in X rN .
(1) On the one hand, Cc(G(Ov)\G(Fv)/G(Ov),OE) · a is a OE-module of finite
type. By Lemma 4.2.16 and Lemma 6.1.5 below, Cc(M(Ov)\M(Fv)/M(Ov),OE)·b
is also a OE-module of finite type.
(2) On the other hand, let g ∈ ZM(F ) such that g /∈ ZM(Ov)ZG(Fv), the
action of the Hecke operator T (g) associated to g induces an isomorphism of
stacks Cht
′ ν
M,N,I,W /Ξ
∼
→ Cht
′ ν+ξ(g)
M,N,I,W /Ξ, where ξ(g) ∈ Λ̂
Q
ZM/ZG
≃ Q and ξ(g) > 0
(if not, take g−1 instead of g). It induces an isomorphism of cohomology groups
H
′ j, ν,OE
M,N,I,W
∣∣∣
x
∼
→ H
′ j, ν+ξ(g),OE
M,N,I,W
∣∣∣
x
.
There exists µ ∈ Λ̂+,Q
Gad
such that a ∈ Im(Hj,≤µOEG,N,I,W
∣∣∣
x
→ Hj,OEG,N,I,W
∣∣∣
x
). By 2.3.9,
b ∈ Im(H
′ j,≤µ,OE
M,N,I,W
∣∣∣
x
→ H
′ j,OE
M,N,I,W
∣∣∣
x
). By Remark 2.3.11 and Remark 3.2.10, we
have an injective morphism
H
′ j,OE
M,N,I,W
∣∣∣
x
→֒
∏
ν
H
′ j, ν,OE
M,N,I,W
∣∣∣
x
We consider the image of b in
∏
ν H
′ j, ν,OE
M,N,I,W
∣∣∣
x
. It is supported on the components
H
′ j, ν,OE
M,N,I,W
∣∣∣
x
indexed by ν in the translated cone Λ̂µZM/ZG ⊂ Λ̂
Q
ZM/ZG
. Since P is
maximal, Λ̂QZM/ZG ≃ Q. The translated cone Λ̂
µ
ZM/ZG
is of the form {ν ∈ Q, ν ≤
µ}.
Since b 6= 0, there exists m ∈ Z>0 such that T (g)
m(b) is supported on the
cone Λ̂
µ+mξ(g)
ZM/ZG
⊃ Λ̂µZM/ZG , but not supported on Λ̂
µ
ZM/ZG
. Therefore T (g)2m(b)
is supported on the cone Λ̂
µ+2mξ(g)
ZM/ZG
, but not supported on Λ̂
µ+mξ(g)
ZM/ZG
, etc. We
deduce that for any k > 0, T (g)(k+1)m(b) is not included in the sub-OE-module
of H
′ j,OE
M,N,I,W
∣∣∣
x
generated by b, T (g)m(b), T (g)2m(b), · · · , T (g)km(b).
Thus the sub-OE-module of Cc(M(Ov)\M(Fv)/M(Ov),OE) · b generated
by T (g)Z(b) is not of finite type. Since OE is Noetherian, we deduce that
Cc(M(Ov)\M(Fv)/M(Ov),OE) · b is not of finite type.
(3) We deduce from (1) and (2) a contradiction. 
Lemma 6.1.5. ([Gro98]) Under the Satake transformation (4.13), the algebra
Cc(M(Ov)\M(Fv)/M(Ov),OE) is finite over Cc(G(Ov)\G(Fv)/G(Ov),OE). 
6.2. Compatibility of cohomology with OE-coefficients and with
E-coefficients.
6.2.1. Let
SatOEG,I : RepOE(Ĝ
I)→ PervGI,∞(GrG,I ,OE)
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be the functor defined in Theorem 1.1.5. Let
SatEG,I : RepE(Ĝ
I
E)→ PervGI,∞(GrG,I , E)
be the functor defined in [Xue18a] Corollary 2.1.7.
6.2.2. The canonical functor RepOE(Ĝ
I) ⊗OE E → RepE(Ĝ
I
E) is an equivalence
of categories. The inverse functor sends any W ∈ RepE(Ĝ
I
E) to W
OE ⊗OE E,
where WOE is any OE-lattice in W stable by Ĝ
I . Such a lattice exists for the
following reason. Let W ∗ be the dual of W . Let ξ1, · · · , ξn be a base of W
∗. For
any w ∈ W and any i ∈ {1, · · · , n}, let fw,ξi : Ĝ
I
E → E be the function of matrix
coefficient associated to w and ξi. Let
WOE := {w ∈ W | ∀1 ≤ i ≤ n, fw,ξi comes from a function Ĝ
I → OE}.
Then WOE is a OE-lattice in W stable under the action of Ĝ
I .
6.2.3. By definition, we have a canonical equivalence of categories
PervGI,∞(GrG,I ,OE)⊗OE E
∼
→ PervGI,∞(GrG,I , E).
Proposition 6.2.4. The following diagram of categories is commutative:
(6.3) RepOE(Ĝ
I)⊗OE E
Sat
OE
G,I ⊗OEE //
≃

PervGI,∞(GrG,I ,OE)⊗OE E
≃

RepE(Ĝ
I
E)
SatEG,I // PervGI,∞(GrG,I , E)
Proof. [MV07] Theorem 14.1. 
6.2.5. LetW ∈ RepOE(Ĝ
I). By Theorem 6.2.4, we have a canonical isomorphism
(6.4) SatOEG,I(W )⊗OE E
∼
→ SatEG,I(W ⊗OE E).
6.2.6. Let W ∈ RepOE(Ĝ
I). Let FEG,N,I,W⊗OEE
be the perverse sheaf on ChtG,N,I
associated to W ⊗OE E defined in [Xue18a] Definition 2.4.5. We deduce from
(6.4) that
(6.5) FOEG,N,I,W ⊗OE E
∼
→ FEG,N,I,W⊗OEE
.
In loc.cit. Definition 2.5.3, we defined the sheaf Hj, EG,N,I,W⊗OEE
over (X rN)I .
(6.5) induces a canonical isomorphism
(6.6) Hj,≤µ,OEG,N,I,W ⊗OE E
∼
→ Hj,≤µ,EG,N,I,W⊗OEE
.
Take limit on µ. Since ⊗OEE commutes with inductive limit, we deduce
(6.7) Hj,OEG,N,I,W ⊗OE E
∼
→ Hj, EG,N,I,W⊗OEE
.
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6.2.7. Applying Proposition 6.2.4 toM (replacing G byM), we have a canonical
isomorphism
(6.8) SatOEM,I(W )⊗OE E
∼
→ SatEM,I(W ⊗OE E).
Let F
′E
M,N,I,W⊗OEE
be the perverse sheaf on Cht′M,N,I associated toW⊗OEE defined
in [Xue18a] Definition 3.4.7. We deduce from (6.8) that
(6.9) F
′ OE
M,N,I,W ⊗OE E
∼
→ F
′E
M,N,I,W⊗OEE
.
It induces a canonical isomorphism
(6.10) H
′ j,≤µ, ν,OE
M,N,I,W ⊗OE E
∼
→ H
′ j,≤µ, ν,E
M,N,I,W⊗OEE
.
Take limit on µ. Since ⊗OEE commutes with inductive limit, we deduce
(6.11) H
′ j, ν,OE
M,N,I,W ⊗OE E
∼
→ H
′ j, ν,E
M,N,I,W⊗OEE
.
Lemma 6.2.8. The order of torsion in H
′ j, ν,OE
M,N,I,W
∣∣∣
x
is bounded when ν varies.
Proof. By Corollary 5.0.5 applied to M , for every ν ∈ Λ̂QZM/ZG , the order of
torsion in H
′ j, ν,OE
M,N,I,W
∣∣∣
x
is bounded.
For any ν1, ν2 ∈ Λ̂ZM/ZG , there exists g ∈ ZM(F ), such that the action of the
Hecke operator associated to g induces an isomorphism of stacks Cht
′ ν1
M,N,I,W /Ξ
∼
→
Cht
′ ν2
M,N,I,W /Ξ. It induces an isomorphism of cohomology groups
(6.12) H
′ j, ν1,OE
M,N,I,W
∣∣∣
x
∼
→ H
′ j, ν2,OE
M,N,I,W
∣∣∣
x
.
By [Xue18a] 1.5.7, for any ν ∈ Λ̂QZM/ZG , the stack Cht
′ ν
M,N,I,W is non-empty
if and only if ν is included in the image of π0(BunM) in Λ̂
Q
ZM/ZG
, which is a Z-
lattice in Λ̂QZM/ZG . Thus among allH
′ j, ν,OE
M,N,I,W
∣∣∣
x
, ν ∈ Λ̂QZM/ZG , there are only a finite
number of isomorphism classes in the sense of (6.12). We deduce the lemma. 
6.2.9. By Lemma 6.2.8, the morphism
(6.13)
( ∏
ν∈Λ̂Q
ZM/ZG
H
′ j, ν,OE
M,N,I,W
∣∣∣
x
)
⊗OE E →
∏
ν∈Λ̂Q
ZM/ZG
H
j, ν,E
M,N,I,W⊗OEE
∣∣∣
x
is injective. Consider the morphism
(6.14) H
′ j,OE
M,N,I,W ⊗OE E → H
′ j, E
M,N,I,W⊗OEE
.
We have a commutative diagram
(∏
ν H
j, ν,OE
M,N,I,W
)
⊗OE E
 
(6.13)
//
∏
ν H
j, ν,E
M,N,I,W⊗OEE
H
′ j,OE
M,N,I,W ⊗OE E
?
OO
(6.14)
// H
′ j, E
M,N,I,W⊗OEE
?
OO
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where the left vertical morphism is the tensor product with E of morphism (2.36)
defined in Remark 2.3.11, whose injectivity is proved in Remark 3.2.10. The right
vertical morphism is defined in [Xue18a] Remark 3.5.11.
We deduce that morphism (6.14) is injective.
6.2.10. We have a commutative diagram:
(6.15) Hj, EG,N,I,W⊗OEE
∣∣∣
x
CP, j, EG,N // H
′ j, E
M,N,I,W⊗OEE
∣∣∣
x
H
j,OE
G,N,I,W
∣∣∣
x
⊗OE E
C
P, j,OE
G,N ⊗OEE //
≃(6.7)
OO
H′
j,OE
M,N,I,W
∣∣∣
x
⊗OE E,
?
(6.14)
OO
where CP, j,OEG,N ⊗OE E is induced by C
P, j,OE
G,N (defined in Definition 2.3.10), C
P, j,E
G,N
is defined in [Xue18a] Definition 3.5.10.
6.2.11. In [Xue18a] Definition 3.5.14, we defined
(6.16)
(
H
j, E
G,N,I,W⊗OEE
∣∣∣
x
)cusp
=
⋂
P G
KerCP, j,EG,N .
Proposition 6.2.12. Let W ∈ RepOE(Ĝ
I). Then we have a canonical isomor-
phism (
H
j,OE
G,N,I,W
∣∣∣
x
)cusp
⊗OE E
∼
→
(
H
j, E
G,N,I,W⊗OEE
∣∣∣
x
)cusp
.
Proof. For every proper parabolic subgroup P of G with Levi quotient M , we
have
(6.17)
Ker
(
H
j,OE
G,N,I,W
∣∣∣
x
→ H
′ j,OE
M,N,I,W
∣∣∣
x
)
⊗OE E
∼
→Ker
(
H
j,OE
G,N,I,W
∣∣∣
x
⊗OE E → H
′ j,OE
M,N,I,W
∣∣∣
x
⊗OE E
)
∼
→Ker
(
H
j, E
G,N,I,W⊗OEE
∣∣∣
x
→ H
′ j,E
M,N,I,W⊗OEE
∣∣∣
x
)
The first isomorphism follows from the fact that E is flat over OE (see [Mat89]
Theorem 4.4 and Theorem 4.5), the second isomorphism follows from diagram
(6.15)
We deduce the proposition. 
Remark 6.2.13. We have a commutative diagram
(6.18)
(
H
j, E
G,N,I,W⊗OEE
∣∣∣
x
)cusp   // Hj, EG,N,I,W⊗OEE
∣∣∣
x
(
H
j,OE
G,N,I,W
∣∣∣
x
)cusp   //
OO
H
j,OE
G,N,I,W
∣∣∣
x
OO
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We do not know if it is Cartesian. We have an injective morphism
(6.19)
(
H
j,OE
G,N,I,W
∣∣∣
x
)cusp
→
(
H
j, E
G,N,I,W⊗OEE
∣∣∣
x
)cusp
×
H
j, E
G,N,I,W⊗
OE
E
∣∣∣∣
x
H
j,OE
G,N,I,W
∣∣∣
x
We do not know if (6.19) is surjective, due to the possible torsion in H
′ j,OE
M,N,I,W
∣∣∣
x
(thus in
∏
ν H
j, ν,OE
M,N,I,W
∣∣∣
x
).
6.3. Cuspidal cohomology with E-coefficients and Hecke-finite cohomol-
ogy with E-coefficients.
6.3.1. Let W ∈ RepE(Ĝ
I
E). In [Xue18a] Definition 6.3.1, we defined(
H
j, E
G,N,I,W
∣∣∣
x
)Hf-rat
:= {c ∈ Hj, EG,N,I,W
∣∣∣
x
, dimE Cc(KN\G(A)/KN , E) · c < +∞}.
In loc.cit. Proposition 6.0.1, we proved that
(6.20)
(
H
j, E
G,N,I,W
∣∣∣
x
)cusp
=
(
H
j, E
G,N,I,W
∣∣∣
x
)Hf-rat
as sub-E-vector spaces of Hj, EG,N,I,W
∣∣∣
x
.
6.3.2. In [Laf18] Définition 8.19, V. Lafforgue defined
(
H
j, E
G,N,I,W
∣∣∣
x
)Hf
:=
{c ∈ Hj, EG,N,I,W
∣∣∣
x
, the OE-module Cc(KN\G(A)/KN ,OE) · c is of finite type}.
By Definition,
(6.21)
(
H
j, E
G,N,I,W
∣∣∣
x
)Hf-rat
⊃
(
H
j, E
G,N,I,W
∣∣∣
x
)Hf
.
Thus (6.20) and (6.21) imply
(6.22)
(
H
j, E
G,N,I,W
∣∣∣
x
)cusp
⊃
(
H
j, E
G,N,I,W
∣∣∣
x
)Hf
.
Proposition 6.3.3. (see loc.cit. Proposition 8.23 for the case I = ∅ and W = 1)
(6.22) is an equality as sub-E-vector spaces of Hj, EG,N,I,W
∣∣∣
x
.
Proof. It is enough to prove that
(6.23)
(
H
j, E
G,N,I,W
∣∣∣
x
)cusp
⊂
(
H
j, E
G,N,I,W
∣∣∣
x
)Hf
.
As in 6.2.2, let WOE ∈ RepOE(Ĝ) such that W ≃W
OE ⊗OE E. By Proposition
6.2.12, we have
(
H
j,OE
G,N,I,WOE
∣∣∣
x
)cusp
⊗OE E
∼
→
(
H
j, E
G,N,I,W
∣∣∣
x
)cusp
. By Theorem 3.2.1,
the OE-module
(
H
j,OE
G,N,I,WOE
∣∣∣
x
)cusp
is of finite type. By Proposition 4.2.6, it is
stable under the action of Hecke algebra Cc(KN\G(A)/KN ,OE). We deduce
(6.23). 
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7. Excursion operators
In 7.1, we define the partial Frobenius morphisms. In 7.2, we state the Eichler-
Shimura relation. This will be used in 7.3 to prove that the specialization mor-
phism
sp
∗ : Hk,OEG,N,I,W
∣∣∣
∆(η)
→ Hk,OEG,N,I,W
∣∣∣
ηI
is a bijection. Then we use a variant of Drinfeld’s lemma to equip Hk,OEG,N,I,W
∣∣∣
ηI
with an action of Weil(η, η)I in 7.4 and construct the excursion operators in 7.5.
7.1. Partial Frobenius morphisms. The goal of this subsection is to equip
H
j,OE
G,N,I,W with an action of the partial Frobenius morphisms. In 7.1.3, we treat
the caseW = ⊠i∈IWi where eachWi is a representation of Ĝ on a free OE-module
of finite type. This case is the same as [Laf18] Section 3. Then we treat the case
of general W ∈ RepOE(Ĝ
I) in 7.1.4-7.1.6.
7.1.1. We need the stack of shtukas with intermediate modifications. Let k ∈ N
and (I1, · · · , Ik) be a partition of I. Let Gr
(I1,··· ,Ik)
G,I be the ind-scheme defined in
[Laf18] Définition 1.6 and Cht
(I1,··· ,Ik)
G,N,I be the stack defined in loc.cit. Définition
2.1. When k = 1, we have Gr
(I)
G,I = GrG,I and Cht
(I)
G,N,I = ChtG,N,I .
Section 1.1 in this paper still holds if we replaceGrG,I byGr
(I1,··· ,Ik)
G,I and ChtG,N,I
by Cht
(I1,··· ,Ik)
G,N,I . In particular, for anyW ∈ RepOE(Ĝ
I), we have aGI,∞-equivariant
perverse sheaf (for the perverse normalization relative to XI) S
(I1,··· ,Ik),OE
G,I,W on
Gr
(I1,··· ,Ik)
G,I whose support is Gr
(I1,··· ,Ik)
G,I,W . We have a perverse sheaf (for the perverse
normalization relative to (X rN)I) F
(I1,··· ,Ik),OE
G,N,I,W on Cht
(I1,··· ,Ik)
G,N,I whose support is
Cht
(I1,··· ,Ik)
G,N,I,W .
We have the morphism forgetting the intermediate modifications:
Gr
(I1,··· ,Ik)
G,I,W
π
(I1,··· ,Ik)
(I) //
))❙❙❙
❙❙❙
❙❙
Gr
(I)
G,I,W
uu❦❦❦❦
❦❦❦
❦❦
(X rN)I
Note that the morphism π
(I1,··· ,Ik)
(I) is projective and semismall relatively to (X r
N)I . We have (cf. [Laf18] Théorème 1.17 b))
(7.1) (π
(I1,··· ,Ik)
(I) )!S
(I1,··· ,Ik),OE
G,I,W = S
OE
G,I,W
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We have a Cartesian diagram
Cht
(I1,··· ,Ik)
G,N,I
π
(I1,··· ,Ik)
(I) //
ǫ(I1,··· ,Ik)

Cht
(I)
G,N,I
ǫ(I)

[GI,d\Gr
(I1,··· ,Ik)
G,I,W ]
π
(I1,··· ,Ik)
(I) // [GI,d\Gr
(I)
G,I,W ]
Note that F
(I),OE
G,N,I,W = (ǫ
(I))∗S
(I),OE
G,I,W and F
(I1,··· ,Ik),OE
G,N,I,W = (ǫ
(I1,··· ,Ik))∗S
(I1,··· ,Ik),OE
G,I,W . By
proper base change, we deduce
(7.2) (π
(I1,··· ,Ik)
(I) )!F
(I1,··· ,Ik),OE
G,I,W = F
OE
G,I,W
As a consequence, F
(I1,··· ,Ik),OE
G,I,W and F
OE
G,I,W define the same cohomology with com-
pact support, namely Hj,OEG,N,I,W .
7.1.2. Recall the construction in [Laf18] Section 3. We have a partial Frobenius
morphisms
(7.3) Fr
(I1,··· ,Ik)
I1
: Cht
(I1,··· ,Ik)
G,N,I → Cht
(I2,··· ,Ik,I1)
G,N,I
We define FrobI1 : (XrN)
I → (XrN)I by sending (xi)i∈I to (x
′
i)i∈I with x
′
i =
Frob(xi) if i ∈ I1 and x
′
i = xi if i /∈ I1. The following diagram is commutative:
Cht
(I1,··· ,Ik)
G,N,I
Fr
(I1,··· ,Ik)
I1 //

Cht
(I2,··· ,Ik,I1)
G,N,I

(X rN)I
FrobI1 // (X rN)I
where the vertical morphisms are the morphisms of paws.
Let W ∈ RepOE(Ĝ
I). We want to construct a canonical isomorphism
(7.4) (Fr
(I1,··· ,Ik)
I1
)∗(F
(I2,··· ,Ik,I1),OE
G,N,I,W ) ≃ F
(I1,··· ,Ik),OE
G,N,I,W
7.1.3. Let W = ⊠j∈{1,··· ,k}Wj, where each Wj is a representation of Ĝ
Ij on a free
OE-module of finite type. As in [Laf18] Proposition 3.4, we have a commutative
diagram:
(7.5) Cht
(I1,··· ,Ik)
G,N,I,W
Fr
(I1,··· ,Ik)
I1 //
ǫ(I1,··· ,Ik)

Cht
(I2,··· ,Ik,I1)
G,N,I,W
ǫ(I2,··· ,Ik,I1)
∏k
j=1[GIj ,d\Gr
(Ij)
G,Ij ,Wj
]
Frob1× Id //
∏k
j=1[GIj ,d\Gr
(Ij)
G,Ij ,Wj
]
where the lower line is the product of the total Frobenius Frob1 on
[GI1,d\Gr
(I1)
G,I1,W1
] and identity on the other [GIj ,d\Gr
(Ij)
G,Ij,Wj
] for j = 2, · · · , k.
By [Laf18] Corollaire 2.16,
F
(I1,··· ,Ik),OE
G,N,I,W = (ǫ
(I1,··· ,Ik))∗(⊠j∈{1,··· ,k}S
(Ij),OE
G,Ij ,Wj
)
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F
(I2,··· ,Ik,I1),OE
G,N,I,W = (ǫ
(I2,··· ,Ik,I1))∗(⊠j∈{1,··· ,k}S
(Ij),OE
G,Ij ,Wj
)
Since [GI1,d\Gr
(I1)
G,I1,W1
] is over SpecFq, we have a canonical isomorphism
(7.6) F1 : Frob
∗
1(S
(I1),OE
G,I1,W1
) ≃ S
(I1),OE
G,I1,W1
We deduce a morphism
(7.7)
(Fr
(I1,··· ,Ik)
I1
)∗(F
(I2,··· ,Ik,I1),OE
G,N,I,W ) = (Fr
(I1,··· ,Ik)
I1
)∗(ǫ(I2,··· ,Ik,I1))∗(⊠kj=1S
(Ij),OE
G,Ij,Wj
)
≃ (ξ(I1,··· ,Ik))∗(Frob1× Id)
∗(⊠kj=1S
(Ij),OE
G,Ij ,Wj
)
F1
≃ (ǫ(I1,··· ,Ik))∗(⊠kj=1S
(Ij),OE
G,Ij ,Wj
)
= F
(I1,··· ,Ik),OE
G,N,I,W
Moreover, this morphism is functorial in each Wj.
7.1.4. Now let W be an arbitrary representation of ĜI on a OE-module of finite
type (not necessarily free).
As in [Laf18] proof of Théorème 1.17, let R be the algebra of regular functions
on Ĝ with coefficients in OE , considered as an ind-object of RepOE(Ĝ) by the
action of Ĝ on itself by the left multiplication. Note that R is also equipped with
an action of Ĝ by the right multiplication. Thus we view R as a representation
of Ĝ × Ĝ. We can write R = lim−→M M for M representation of Ĝ × Ĝ on a free
finite type OE-module. (Indeed, Ĝ is flat over OE , so R is torsion free. Every
sub-OE-module of R of finite type is free.)
⊠i∈IR is the regular representation of Ĝ
I by the action of ĜI on itself by the left
multiplication. We define S
(I1,··· ,Ik),OE
G,I,⊠i∈IR
as an ind-object of PervGI,∞(GrG,I ,OE).
By [MV07] 4.1 (or [BR18] Lemma 1.10.9), the complex S
(I1,··· ,Ik),OE
G,I,⊠i∈IR
L
⊗OE W is
perverse. Thus it is equal to S
(I1,··· ,Ik),OE
G,I,⊠i∈IR
⊗OEW in the abelian category of perverse
sheaves. The action of ĜI on ⊠i∈IR by the right multiplication induces an action
of ĜI on S
(I1,··· ,Ik),OE
G,I,⊠i∈IR
by the functoriality of the geometric Satake functor. We
deduce a diagonal action of ĜI on S
(I1,··· ,Ik),OE
G,I,⊠i∈IR
⊗OE W . We have
(7.8)
S
(I1,··· ,Ik),OE
G,I,W =
(
S
(I1,··· ,Ik),OE
G,I,⊠i∈IR
⊗OE W
)ĜI
= pH0RΓ
(
BĜI , S
(I1,··· ,Ik),OE
G,I,⊠i∈IR
⊗OE W
)
where BĜI denotes the classifying stack of ĜI-torsors.
Remark 7.1.5. We do not know if RΓ
(
BĜI , S
(I1,··· ,Ik),OE
G,I,⊠i∈IR
⊗OE W
)
is perverse.
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7.1.6. We denote by Rj := ⊠i∈IjR. We have a commutative diagram
(7.9) Cht
(I1,··· ,Ik)
G,N,I,⊠i∈IR
Fr
(I1,··· ,Ik)
I1 //
ǫ(I1,··· ,Ik)

Cht
(I2,··· ,Ik,I1)
G,N,I,⊠i∈IR
ǫ(I2,··· ,Ik,I1)
∏k
j=1[GIj ,∞\Gr
(Ij)
G,Ij ,Rj
]
Frob1× Id //
∏k
j=1[GIj ,∞\Gr
(Ij)
G,Ij ,Rj
]
We have a canonical isomorphism
(Frob1× Id)
∗(⊠j∈{1,··· ,k}S
(Ij),OE
G,Ij ,Rj
) ≃ ⊠j∈{1,··· ,k}S
(Ij),OE
G,Ij ,Rj
By [Laf18] Corollaire 2.16,
F
(I1,··· ,Ik),OE
G,N,I,⊠i∈IR
= (ǫ(I1,··· ,Ik))∗(⊠j∈{1,··· ,k}S
(Ij),OE
G,Ij,Rj
)
We deduce a canonical isomorphism
(7.10) (Fr
(I1,··· ,Ik)
I1
)∗(F
(I2,··· ,Ik,I1),OE
G,N,I,⊠i∈IR
) ≃ F
(I1,··· ,Ik),OE
G,N,I,⊠i∈IR
It induces a canonical isomorphism of ind-perverse sheaves:
(7.11)
(Fr
(I1,··· ,Ik)
I1
)∗(F
(I2,··· ,Ik,I1),OE
G,N,I,⊠i∈IR
⊗OE W ) ≃
(
(Fr
(I1,··· ,Ik)
I1
)∗(F
(I2,··· ,Ik,I1),OE
G,N,I,⊠i∈IR
)
)
⊗OE W
≃ F
(I1,··· ,Ik),OE
G,N,I,⊠i∈IR
⊗OE W
By the functoriality of the geometric Satake functor, isomorphism (7.11) is
functorial for the action of ĜI on F
(I1,··· ,Ik),OE
G,N,I,⊠i∈IR
⊗OE W . Thus we have morphisms
(7.12)
(Fr
(I1,··· ,Ik)
I1
)∗
(
RΓ(BĜI ,F
(I2,··· ,Ik,I1),OE
G,N,I,⊠i∈IR
⊗OE W )
)
≃RΓ
(
BĜI , (Fr
(I1,··· ,Ik)
I1
)∗(F
(I2,··· ,Ik,I1),OE
G,N,I,⊠i∈IR
⊗OE W )
)
≃RΓ
(
BĜI ,F
(I1,··· ,Ik),OE
G,N,I,⊠i∈IR
⊗OE W
)
Taking pH0, we deduce from (7.8) and (7.12) a canonical isomorphism
(7.13) (Fr
(I1,··· ,Ik)
I1
)∗(F
(I2,··· ,Ik,I1),OE
G,N,I,W ) ≃ F
(I1,··· ,Ik),OE
G,N,I,W
Remark 7.1.7. For E-coefficients, the category PervGI,∞(GrG,I , E) is semisimple.
Thus to define the partial Frobenius morphisms, it is enough to do it for W
irreducible. All W irreducible are of the form ⊠i∈IWi (up to larging E), thus it
is enough to consider only the case W = ⊠i∈IWi.
For OE-coefficients, note that the category PervGI,∞(GrG,I ,OE) is not semisim-
ple. Thus we need 7.1.4-7.1.6.
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7.1.8. Once have (7.4), then as in [Laf18] Section 4.3, there exists κ depending
on W such that for any µ, the cohomological correspondence induces a partial
Frobenius morphism in D
(−)
c ((X rN)I ,OE):
FI1 : Frob
∗
I1
(H≤µ,OEG,N,I,W )→ H
≤µ+κ,OE
G,N,I,W
where H≤µ,OEG,N,I,W is defined in Definition 1.1.11.
7.2. Eichler-Shimura relation.
7.2.1. Let I˜ be a finite set. Let I = I˜ ∪ {0}. Let W ∈ RepOE(Ĝ
I). Applying
7.1.8 to I1 = {0}, we deduce a morphism in D
(−)
c ((X rN)I˜∪{0},OE):
F{0} : Frob
∗
{0}(H
≤µ,OE
G,N,I,W )→ H
≤µ+κ,OE
G,N,I,W
Let v be a place of X r N . We have Frobdeg(v)(v) = v. We deduce a morphism
in D
(−)
c ((X rN)I˜ × v,OE):
F
deg(v)
{0} : H
≤µ,OE
G,N,I,W
∣∣∣
(XrN)I˜×v
→ H
≤µ+deg(v)κ,OE
G,N,I,W
∣∣∣
(XrN)I˜×v
7.2.2. We denote by RepOE(Ĝ)
free the category of representations of Ĝ on a
free OE-module of finite type. Let V
′ ∈ RepOE(Ĝ)
free. For any finite set I and
W ∈ RepOE(Ĝ
I), let SV ′,v be the morphism defined in [Laf18] Section 6.1:
(7.14) SV ′,v : H
≤λ,OE
G,N,I,W → H
≤λ+κ′,OE
G,N,I,W
in D
(−)
c ((X rN)I ,OE).
7.2.3. Let V ∈ RepOE(Ĝ)
free. We define ∧jV as quotient of ⊗jV by all
⊗i∈{1,2,··· ,j}xi where two of xi’s are equal. If {ei} is a basis of V , then ∧
jV is free
as OE-module with basis {ei1 ∧ · · · ∧ eij , where i1 < · · · < ij}.
Let W˜ ∈ RepOE(Ĝ
I˜). Let W = W˜ ⊠ V . We have the following
Proposition 7.2.4. For κ large enough (in function of deg(v) and V ), we have
(7.15)
dimV∑
α=0
(−1)αS∧dimV−αV,v(F
deg(v)
{0} )
α = 0 in
Hom
D
(−)
c ((XrN)I˜×v,OE)
(
H
≤µ,OE
G,N,I˜∪{0},W˜⊠V
∣∣∣
(XrN)I˜×v
,H≤µ+κ,OE
G,N,I˜∪{0},W˜⊠V
∣∣∣
(XrN)I˜×v
)
where we view S∧dimV−αV,v as its restriction from (X rN)
I˜∪{0} to (X rN)I˜ × v.
Remark 7.2.5. Note that for any M ∈ RepOE(Ĝ)
free and M ⊃ V , Proposition
7.2.4 implies that
(7.16)
dimM∑
α=0
(−1)αS∧dimM−αM,v(F
deg(v)
{0} )
α = 0 in
Hom
D
(−)
c ((XrN)I˜×v,OE)
(
H
≤µ,OE
G,N,I˜∪{0},W˜⊠V
∣∣∣
(XrN)I˜×v
,H≤µ+κ,OE
G,N,I˜∪{0},W˜⊠V
∣∣∣
(XrN)I˜×v
)
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Remark 7.2.6. For E-coefficients, there are two proofs of this proposition. The
one in [Laf18] Section 7 does not work for OE-coefficients (because that the de-
nominator may not be invertible in OE). The one in [XZ17] Section 6 works for
OE-coefficients.
Remark 7.2.7. We call (7.15) the Eichler-Shimura relation because the operators
SV ′,v extend the Hecke operators (cf. [Laf18] Section 6). But the proof of (7.15)
does not need this fact.
7.3. Specialization morphism. From now on until the end of Section 7, let
W = ⊠i∈IWi, where Wi ∈ RepOE(Ĝ)
free.
7.3.1. As in [Xue18b] 3.1.1, we denote by ∆ : X → XI the diagonal morphism.
We denote by F I the function field of XI and ηI = Spec(F I) the generic point
of XI . We fix an algebraic closure F I of F I and denote by ηI = Spec(F I) the
geometric point over ηI . Moreover, we fix a specialization map
(7.17) sp : ηI → ∆(η).
It induces the homomorphism of specialization:
(7.18) sp∗ : Hk,OEG,N,I,W
∣∣∣
∆(η)
→ Hk,OEG,N,I,W
∣∣∣
ηI
Proposition 7.3.2. The morphism (7.18) is a bijection.
Proof. The proof of the surjectivity is the same as [Xue18b] Proposition 3.1.2.
The proof of the injectivity is the same as [Laf18] Proposition 8.32, except that
we replace Lemme 8.33 a) in loc.cit. by Lemma 7.3.3 below. 
Lemma 7.3.3. If W = ⊠i∈IWi, where Wi ∈ RepOE(Ĝ)
free, then for every j ∈ I
and all (ni)i∈I ∈ N
I , we have
(7.19)
dimWj∑
α=0
(−1)αS∧dimWj−αWj ,v(a(ni+αδi,j)i∈I ) = 0
where we view S∧dimWj−αWj ,v as the restriction of
S∧dimWj−αWj ,v : H
k,OE
G,N,I,W → H
k,OE
G,N,I,W
to Hk,OEG,N,I,W
∣∣∣
∆(η)
.
Proof. Applying Proposition 7.2.4 to I˜ = I r {j}, W˜ = ⊠i 6=jWi and V = Wj,
we deduce
(7.20)
dimWj∑
α=0
(−1)αS∧dimWj−αWj ,v(F
deg(v)
{j} )
α = 0
in EndOE
(
H
k,OE
G,N,(Ir{j})∪{j},(⊠i6=jWi)⊠Wj
∣∣∣
∆(v)
)
= EndOE
(
H
k,OE
G,N,I,W
∣∣∣
∆(v)
)
where we view S∧dimWj−αWj ,v as its restriction from H
k,OE
G,N,I,W to H
k,OE
G,N,I,W
∣∣∣
∆(v)
.
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Since b(ni)i∈I ∈ H
k,OE
G,N,I,W
∣∣∣
∆(v)
, we deduce from (7.20) that
dimWj∑
α=0
(−1)αS∧dimWj−αWj ,v(F
deg(v)
{j} )
α(b(ni)i∈I ) = 0
By definition, (F
deg(v)
{j} )
α(b(ni)i∈I ) = b(ni+αδi,j)i∈I . Thus
(7.21)
dimWj∑
α=0
(−1)αS∧dimWj−αWj ,v(b(ni+αδi,j)i∈I ) = 0
Since S∧dimWj−αWj ,v : H
k,OE
G,N,I,W → H
k,OE
G,N,I,W is a morphism of sheaves over
(X rN)I , we have a commutative diagram
(7.22) Hk,OEG,N,I,W
∣∣∣
∆(v)
sp∗v //
S
∧
dimWj−αWj,v

H
k,OE
G,N,I,W
∣∣∣
∆(η)
S
∧
dimWj−αWj,v

H
k,OE
G,N,I,W
∣∣∣
∆(v)
sp∗v // H
k,OE
G,N,I,W
∣∣∣
∆(η)
Since a(ni)i∈I = sp
∗
v(b(ni)i∈I ), we deduce from (7.21) the lemma. 
7.4. Drinfeld’s lemma.
7.4.1. As in [Laf18] Remarque 8.18 (also recalled in [Xue18b] 3.2.1), we define
the group FWeil(ηI , ηI). We have a surjective morphism (depending on the choice
of sp)
(7.23) Ψ : FWeil(ηI , ηI)։Weil(η, η)I .
Let Q be its kernel (which does not depend on the choice of sp).
Lemma 7.4.2. Let A be a finitely generated OE-algebra. Let M be a A-module
of finite type. Then a continuous A-linear action of FWeil(ηI, ηI) on M factors
through Weil(η, η)I .
An action of FWeil(ηI, ηI) on M is said to be continuous if M is a union of
OE-submodules of finite type which are stable under π
geom
1 (η
I , ηI) and on which
the action of πgeom1 (η
I , ηI) is continuous.
Proof. For any maximal ideal m of A, for any n ∈ N, the quotient A/mn is of
finite type (and of torsion) as a OE-module. Since M is an A-module of finite
type, M/mnM is an A/mn-module of finite type. Thus M/mnM is an OE-module
of finite type.
Applying Drinfeld’s lemma for OE-module of finite type (recalled in [Xue18b]
Lemma 3.2.6) to M/mnM , we deduce that the action of Q on M/mnM is trivial.
Since A is Noetherian, for any q ∈ Q and x ∈M , we have
q · x− x ∈
⋂
m max ideal
∞⋂
n=1
m
nM
(a)
⊂
⋂
m max ideal
Ker(M →Mm)
(b)
= {0}.
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where Mm is the localization of M on A−m. (a) follows from [Mat89] Theorem
8.9 and (b) follows from loc.cit. Theorem 4.6. We deduce that q · x = x. Thus
the action of Q on M is trivial. 
7.4.3. We have a continuous action of FWeil(ηI, ηI) on Hj,OEG,N,I,W
∣∣∣
ηI
(depending
on the choice of ηI and sp) which combines the action of π1(η
I , ηI) and the action
of the partial Frobenius morphisms (defined in 7.1).
Proposition 7.4.4. The action of FWeil(ηI, ηI) on Hj,OEG,N,I,W
∣∣∣
ηI
factors through
Weil(η, η)I .
Proof. The action of FWeil(ηI, ηI) on Hj,OEG,N,I,W
∣∣∣
ηI
commutes with the action
of the Hecke algebra H OEG,u . The Hecke algebra H
OE
G,u is finitely generated as a
OE-algebra and is commutative. By Theorem 5.0.4, H
j,OE
G,N,I,W
∣∣∣
ηI
is of finite type
as a H OEG,u -module. Applying Lemma 7.4.2 to A = H
OE
G,u and M = H
j,OE
G,N,I,W
∣∣∣
ηI
,
we deduce the proposition. 
7.5. Excursion operators.
Construction 7.5.1. (for E-coefficients, see [Xue18b] Construction 3.4.1) Let
(γi)i∈I ∈Weil(η, η)
I . We construct an action of (γi)i∈I on H
j,OE
G,N,I,W
∣∣∣
∆(η)
for any
j ∈ Z as the composition of morphisms
(7.24) Hj,OEG,N,I,W
∣∣∣
∆(η)
sp∗
∼
// H
j,OE
G,N,I,W
∣∣∣
ηI
(γi)i∈I

H
j,OE
G,N,I,W
∣∣∣
∆(η)
H
j,OE
G,N,I,W
∣∣∣
ηI
(sp∗)−1
∼
oo
where the isomorphism sp∗ is defined in 7.3.1 and Proposition 7.3.2, the action
of Weil(η, η)I on Hj,OEG,N,I,W
∣∣∣
ηI
is defined in Proposition 7.4.4.
Lemma 7.5.2. (for E-coefficients, see [Xue18b] Lemma 3.4.2) For any j ∈ Z,
the action of Weil(η, η)I on Hj,OEG,N,I,W
∣∣∣
∆(η)
defined in Construction 7.5.1 is inde-
pendent of the choice of ηI and sp.
Proof. The proof is the same as in loc.cit. Lemma 3.4.2, except that now we let
I be an ideal of H OEG,u such that H
OE
G,u /I ·H
OE
G,u is an OE-module of finite type.
Then Hj,OEG,N,I,W
∣∣∣
ηI
/I ·Hj,OEG,N,I,W
∣∣∣
ηI
is an OE-constructible (and smooth) sheaf over
ηI . 
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Construction 7.5.3. (for E-coefficients, see [Xue18b] Construction 3.7.6) Let
J be a finite set and V ∈ RepOE(Ĝ
J). Suppose V = ⊠i∈JVi, where Vi ∈
RepOE(Ĝ)
free. Let j ∈ Z.
Let I be a finite set and W = ⊠i∈IWi, where Wi ∈ RepOE(Ĝ)
free. Let x ∈ W
and ξ ∈ W ∗ be invariant under the diagonal action of Ĝ. Let (γi)i∈I ∈Weil(η, η)
I .
We construct an excursion operator SOEI,W,x,ξ,(γi)i∈I acting on H
j,OE
G,N,J,V
∣∣∣
∆J (η)
as the
composition of morphisms:
H
j,OE
G,N,J,V
∣∣∣
∆J (η)
C
♯
x // H
j,OE
G,N,J⊔I,V⊠W
∣∣∣
∆J⊔I(η)
(γi)i∈I

H
j,OE
G,N,J,V
∣∣∣
∆J (η)
H
j,OE
G,N,J⊔I,V⊠W
∣∣∣
∆J⊔I(η)
C♭ξoo
where C♯x and C
♭
ξ are the creation and annihilation operators defined in [Laf18] Déf-
inition 5.1 and Définition 5.2, the action of Weil(η, η)I on Hj,OEG,N,J∪I,V⊠W
∣∣∣
∆J∪I(η)
is via Weil(η, η)I →֒Weil(η, η)J⊔I , (γi)i∈I 7→ ((1)i∈J , (γi)i∈I).
7.5.4. In particular, when J = ∅ and V = 1 is the trivial representation, Con-
struction 7.5.3 gives the excursion operators acting on Cc(G(F )\G(A)/KNΞ,OE).
Lemma 7.5.5. The following diagram commutes:
H
j, E
G,N,J,V⊗OEE
∣∣∣
∆J (η)
SI,W,x,ξ,(γi)i∈I // H
j, E
G,N,J,V⊗OEE
∣∣∣
∆J (η)
H
j,OE
G,N,J,V
∣∣∣
∆J (η)
S
OE
I,W,x,ξ,(γi)i∈I //
OO
H
j,OE
G,N,J,V
∣∣∣
∆J (η)
OO
where the upper line is defined in [Xue18b] Construction 3.7.6.
7.6. Compatibility of the excursion operators and the constant term
morphisms.
7.6.1. Let P be a parabolic subgroup of G and M its Levi quotient. Just as in
Construction 7.5.3, for any ν ∈ Λ̂QZM/ZG , we define excursion operators acting on
H
′ j, ν,OE
M,N,J,V
∣∣∣
∆J (η)
.
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Proposition 7.6.2. The following diagram is commutative:
H
j,OE
G,N,J,V
∣∣∣
∆J (η)
S
G,OE
I,W,x,ξ,(γi)i∈I //
CP, ν, jG

H
j,OE
G,N,J,V
∣∣∣
∆J (η)
CP, ν, jG

H
′ j, ν,OE
M,N,J,V
∣∣∣
∆J (η)
S
M,OE
I,W,x,ξ,(γi)i∈I // H
′ j, ν,OE
M,N,J,V
∣∣∣
∆J(η)
where the constant term morphism CP, ν, jG is defined in Remark 2.3.11.
Proof. The proof is the same as the proof of [Xue18b] Proposition 4.1.3. 
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